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ABSTRACT
Monte Carlo method for the simulation of hole dynamics in degenerate valence subbands of
cubic semiconductors is developed. All possible intra- and inter-subband scattering rates are
theoretically calculated for Ge, Si, and GaAs. A far-infrared laser concept based on intersubband
transitions of holes in p-type periodically delta-doped semiconductor films is studied using
numerical Monte-Carlo simulation of hot hole dynamics. The considered device consists of
monocrystalline pure Ge layers periodically interleaved with delta-doped layers and operates
with vertical or in-plane hole transport in the presence of a perpendicular in-plane magnetic field.
Inversion population on intersubband transitions arises due to light hole accumulation in E⊥ B
fields, as in the bulk p-Ge laser. However, the considered structure achieves spatial separation of
hole accumulation regions from the doped layers, which reduces ionized-impurity and carrier-
carrier scattering for the majority of light holes. This allows remarkable increase of the gain in
comparison with bulk p-Ge lasers. Population inversion and gain sufficient for laser operation
are expected up to 77 K. Test structures grown by chemical vapor deposition demonstrate
feasibility of producing the device with sufficient active thickness to allow quasioptical
electrodynamic cavity solutions.  The same device structure is considered in GaAs. The case of
Si is much more complicated due to strong anisotropy of the valence band. The primary new
result for Si is the first consideration of the anisotropy of optical phonon scattering for hot holes.
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INTRODUCTION
Recent semiconductor-laser developments in the terahertz range of the electromagnetic
spectrum include intervalence band p-Ge lasers, Si lasers based on optically pumped donors,
GaAs quantum cascade lasers and recently proposed p-type Si/SiGe quantum cascade lasers. A
fundamental challenge for any THz solid-state laser is intrinsic far-IR absorption by lattice
vibrations, which increases rapidly with temperature. Operation of solid-state far-infrared lasers
at elevated temperatures can be achieved only if the gain is sufficiently high. This requires high
carrier density, but ionized impurity scattering and electron-electron interaction increase with
density and generally work against the conditions needed for high gain. Improvements in QCL
technology in overcoming these problems have been very rapid recently, with continuous wave
output and operation temperatures above liquid nitrogen reported. However, because of high
growth accuracy requirements, QCLs can be grown by technologically advanced molecular beam
epitaxy method (MBE) only, which limits maximal structure thickness. Novel terahertz
amplification concept based on intersubband transition between light and heavy hole subbands in
multilayer delta-doped p/p+ cubic semiconductor structures is presented in this dissertation.
This dissertation is divided into 6 parts. The first part gives an overview of the valence
band effective mass approximation, hole dispersion, and wavefunctions in cubic semiconductors.
The second part presents detailed description of all possible scattering mechanisms for holes in
cubic semiconductors. The third part is a description of the Monte Carlo technique used for
simulations. The fourth and fifth parts are devoted to calculations of amplification and absorption
of terahertz radiation in bulk p-Ge and in the novel delta doped p-Ge/Ge structures. The last
chapter discusses the possibility of the terahertz amplification in p-type GaAs and silicon.
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CHAPTER ONE: HOLES IN CUBIC SEMICONDUCTORS
1.1 Effective mass approximation for the valence band
The steady state of an electron in an external field is described by the Schrödinger equation




 ψ = − ∇ + ψ = ψ  
hr rH x V x E
m
(1)
In perturbation theory the Hamiltonian H is expressed as the sum of two parts: a Hamiltonian H0
with known eigenvalues 0nE  and eigenfunctions ϕn  and ′H , which is treated as a perturbation.
The wavefunction ψ is sought in the form of a series:
ψ = ϕ∑ n n
n
c (2)
Substituting (2) into (1), multiplying by ′ϕ*n  and integrating with respect to all variables 
rx , we
obtain a system of equations defining the coefficients nc  for a given eigenvalue E, which may be
written in matric form as
0 0′− + =H IE H c , (3)
where c  is a column of elements nc , I is the identity matrix, H0 is a diagonal matrix,
0
0 δ′ ′=nn n nnH E , (4)
and ′H  is the perturbation matrix:
′ ′ ′′ ′ ′= ϕ ϕ = ϕ ϕ∫ *n n n n n nH H H dx
r . (5)
The eigenvalues E are the roots of the determinant
3
0 0′− + =H IE H . (6)
Determination of the eigenfunctions (2) and eigenvalues E means that one goes to a
representation in which the matrix 0 ′+H H  is diagonal. The problem is solved by the method of
successive approximations. The corrections to the energy 0mE  are determined from (6), and the
corrections to the wavefunction ϕm  of a given state m, i. e., the coefficients ( )n mc E , are
determined from (3).
If this state m is not degenerate, i. e., there is only one state with energy 0mE , then the
expression for the corresponding corrections can at once be obtained in series form.
If there are, however, several states ′ϕ ϕm m, ,… with energy 0mE , it is customary first to determine
the true functions and eigenvalues in the zeroth approximation, i. e., all the matrix elements ′′nnH
in (3) and (6) are assumed to vanish except the elements ′′mmH , between the functions
′ϕ ϕm m, ,…, corresponding to the given energy, and then corrections due to higher order terms are
found.
However, it is not always possible to evaluate accurately the zeros of the determinant (6)
even in the zeroth approximation. The problem may be reformulated to yield at once a system of
equations (3) for the relevant N states ( ), ,...,′ Nm m m , allowing for the contribution of all the other
states , , ,...′ ′′s s s  in the required approximation of perturbation theory. This is the procedure in
construction of the Hamiltonian in the effective mass approximation for degenerate bands or for
several close-lying bands.
To solve the problem, the Hamiltonian (3) can be “partially” diagonalized using a unitary
matrix S, in the sense that the matrix
4
−= S SH e He (7)
does not contain “off-diagonal” elements mlH between the N given states and the other states
, ,...′l l . The transformation (7) corresponds to transition from a representation c to the
representation c defined by
−= Sc e c . (8)
It can be shown [1] that in the new representation the matrix elements ′mmH  between degenerate
states ( ), ,...,′ Nm m m  up to third order terms:
( ) ( )( )2 00 0 0 0 00 0
1
2
′ ′′ ′′ ′ ′′ ′′ ′ ′ ′ ′
′ ′
′′ ′ ′
′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′+= − − +∑ ∑ ∑
− − −−
ms sm ms sm m m mm m s sm ms ss s m
mm mm
s m s sss m s m mss m
H H H H H H H H H H HH H




′ ′ ′′= δ +mm m mm mmH E H . (10)
In semiconductors, where the most important regions in 
r
k -space are those close to an
extremum point 0
r
k , it is convenient to use Luttinger Kohn representation [2] to investigate the
energy spectrum of carriers in an ideal crystal, especially in regard to behavior of carriers in slow
varying electric and magnetic fields. In this representation the wavevector 
r
k  is measured from
the extremum point 0
r




 is the wavevector of the point in 
r
k -space.
Rather than the Bloch functions




the following functions ψnkr  are taken as basis
0









ψnkr  is the Bloch function at the extremum point 0
r
k , which is the eigenfunction of the
operator H0 with energy ( )0nE k
r
 and Vc is the crystal volume.
The wavefunction ψnKr  can be expanded in the functions ϕnkr , which have the same period:
′ ′
′
ψ = ϕ∑ nnK n k
n
cr r . (13)
The coefficients ′nc define the transformation from the Bloch representation to the Luttinger
Kohn representation.
Substituting the expansion (13) into Schrödinger equation ( )0 0− ψ =H E , multiplying on the
left by *ϕnkr , integrating over 
rx , and using the equation
( ) ( )0 0= +
r rr r rr r
hikx ikxH p e e H p k , (14)
we obtain the system of equations









 ⋅  + − δ + =∑     
r rr hh , (15)
where ′
r
nnp  are the momentum matrix elements between the Bloch functions 0ψnk
r :




′ ′ ′= = ψ ψ τ∫r r r r
r r r
nn nk n k nk n k
c
p p p d
V
. (16)
For small values of 
r











in (15) can be considered as a perturbation and only operator H2 has interband matrix elements.





( ) ( ) ( )
0 0 0 0
0 0








′ ′′αβ ≠ ′′
   + − δ + + =∑ ∑ ∑   −   
r r r r
r r
r
r h h hr
r r
nk n k n k n k
n nn nnk n kn n n n n
p pk kE k E p k k c
m m m E k E k
, (18)
In case of the band degenerate at 0
r
k , we must consider all states, which have the same energy at
the point 0
r
k . We denote these states by i, j = 1, 2, …, m, where m is the degeneracy of the band
at 0
r
k . The system of equations (18) for a degenerate band at 0
r
k  has the form
( )0, =∑ r rij j i
j
H k k c Ec , (19)
where by (18),
( ) ( ) ( )
0 0 0 0 0 0 0 0
0 0
2 2 , , , ,2




′ ′ ′ ′α
α α β
′α αβ ≠ ′
+
= + δ +∑ ∑ ∑
−
r r r r r r r r
r r
r r h h h
r r
ik n k n k jk ik n k n k jk
ij ijik jk n i j n
p p p p
H k k k p k k k
m m m E k E k
. (20)
1.2 Hole wavefunctions and energy spectrum
Let us determine the electron spectrum near the center of the Brillouin zone, which is
known as Γ point. For cubic semiconductors with diamond lattice, the symmetry group of the
point Γ is the crystallographic point group Oh. If electron spin is disregarded, the band is
threefold degenerate at Γ. To construct the matrix (20) we can choose functions X, Y, Z, which
are Bloch functions for the bottom of the valence band, which transform under operation of the











x y z x y x z
x y y x z y z
x z y z z x y
Lk M k k Nk k Nk k
H Nk k Lk M k k Nk k
Nk k Nk k Lk M k k
(21)
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m m E E
= + ∑
−









m m E E
= + ∑
−




x y y x
n n







When electron spin is introduced, the threefold degeneracy at Γ is doubled and becomes sixfold.
The basis functions are products
, , , , ,α α α β β βX Y Z X Y Z , (23)
where the α and β are the spin functions corresponding to positive and negative spin projections,










where H1 is the matrix (21).
Spin-orbit coupling
Spin orbit coupling is expected to lift the sixfold degeneracy of the band at the Γ point.
The approximate Schrödinger - Pauli equation, incorporating the first nonvanishing relativistic
terms, is
( ) ( ) ( )2 42 2 2 2 3 22 4 4 8
P i PH V x V P V P i
m m c m c m c t
∂ψ  ψ = + + σ ∇ × − ∇ × − ψ =   ∂ 
r rh hr r
h ,    (25)
8
where = − ∇
r
hP i  and σr  is the vector of Pauli matrices. This equation is the matrix notation of a
system of two equations for the two spinor components, which refer to the two spin states of the
electron with different projections of the spin on the z-axis. It can be seen from (25) that the only
term that mixes wavefunctions with different spin states of the electron is the so-called spin-orbit
coupling
( )2 24soH V Pm c  = σ ∇ × 
rh r , (26)
which describes the interaction between the spin and orbital angular momenta in atoms. If this
term is negligible, the equation (25) splits into two identical equations (see (24) relative to basis
(23)).
Luttinger-Kohn basis and Hamiltonian
Here and below we assume that spin-orbit coupling is significantly less than the
separation to the nearest band (i. e. the band gap between valence and conduction bands). In this
case we construct the spectrum considering spin-orbit coupling only within the valence band.
Only for semiconductors with a narrow band gap (like InSb, for example) must the two-band
approximation be used, where the Hamiltonian includes interaction between valence and
conduction bands.
To calculate the spin-orbit splitting within the valence band only, and to obtain the
correct functions at point Γ, that are linear combinations of basis functions (23), it is necessary to
diagonolize the matrix Hso. This reduces to solving the system of equations (19) with matrix Hso




iE k , separated by energy intervals ∆i which characterize the spin-orbit splitting. Spin-orbit
coupling causes the sixfold degenerate band at Γ to split into a fourfold degenerate band (light
and heavy hole subbands) and a twofold degenerate band (splitt-off subband). The Luttinger-
Kohn representation [2] for which the operator (26) is diagonal is
( ) ( )
( ) ( )
( ) ( )
3/ 2 3/ 2
3/ 2 1/ 2
3/ 2 3/ 2
1/ 2 3/ 2
1/ 2 1/ 2
1/ 2 1/ 2
1 , 2 ,
2 6




iX iY X iY Z
iX iY Z X iY
iX iY Z X iY Z
− −
−
 ψ = + α ψ = + β− α 
 ψ = − α + β ψ = − β 
   ψ = + β+ α ψ = − − α + β   
             (27)
The first four states have total angular momentum J = 3/2, and the last two functions relate to the
states with total angular momentum J = 1/2. In this representation the Hamiltonian matrix (24)
becomes
1−′ =H SHS , (28)
where S is a unitary matrix transforming the functions (23) into (27):
S = 
1 0 0 0 0
2 2
2 10 0 0
3 6 6
1 20 0 0
36 6 0
10 0 0 0
2 2
1 10 0 0
3 3 3







































iHF H I i I
i G F i HH G I
i G FHI G H i
H
iHI H F i I
i G FiH i H F Gi I







− +− − −∆




















x y x y
y z x z
L MF k k Mk
FG M k k Lk
I L M k k iNk k
NH k k ik k
+= + +
= + + +
= − − −
= − +
(31)
and ∆ is the spin orbit splitting of the valence band.
Energy spectrum and dispersion
To determine valence electron spectrum we need to compute the eigenvalues of the
matrix (30). Each of the three eigenvalues is twofold degenerate, owing to time reversal.
Eigenvalues of the matrix (30) are:
( )( )23 3 12 3 12H
F G TE
T
+ ∆ β = − + − α + −α  
, (32a)
11
( )( )23 3 12 3 12L
F G TE
T






+ ∆ β = − −α −  
, (32c)
where
6 27T = Θ , (33a)
( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
24 22 2 2 2 2 22
22 2 2 22
2 42 2 4 6
36 6 432 3 4
288 2
1 644 144 243
9 27
F G I H I H F G I H
I H F G I H
F G I H F G
   Θ = − ∆ + + + + − + +      
 + + ∆ − + +  
   + − + + ∆ + − + ∆    
,    (33b)
( ) ( ) ( )( )2 2 23
1
3
162 3 8 27 6 21cos cos
3
R F G F G H I
T
−
  − − ∆ − − − + −   α =   
  
   
,  (33c)
( )( )
2 2 2*2 * 2 2 2 2 22 8
6 3
z
x y x y




F G H I− ∆ β = − − − −  
. (33e)
Indices of energies in (32) represent heavy subband (H), light subband (L), and split-off subband
(S). The energies (32) are negative but can be represented as positive hole energies. It can be
seen that hole energy in each subband is determined by three constants L, M, N (see (22)), which
















Using values of A, B, and C from [3] and values of spin-orbit splitting ∆ from [1] we now have
all constants needed to calculate hole energy spectrum (positive) for different cubic
semiconductors (see Table 1). The energy spectrum (32) contains non-parabolic in k terms, due
to interaction with the split-off subband, which represent anisotropy of the crystal. The surfaces
of constant energy light and heavy hole subbands for Si and Ge are plotted in Fig. 1 for 61 meV
and 37 meV respectively (optical phonon energies (see Table 1)). Non-parabolicity of the
dispersion law and anisotropy of the crystals is illustrated in Fig. 2.
Figure 1: Constant energy surfaces for light and heavy holes in Si and Ge at 63 meV and 37 meV
respectively, calculated using (32). Main crystallographic direction are indicated.
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Table 1



























Ge -30.4 -5.7 -33.9 290 0.898 0.35 0.043 37.04 5.66 9.0 4.6
Si -6.5 -3.6 -8.7 44 1.170 0.44 0.12 61.2 5.43 6.6 4.6
GaAs -16.0 -3.5 -17.3 350 1.519 0.68 0.12 35.36 5.65 11.3 6.3
InSb -98.0 -5 -101 850 0.235 0.39 0.021 24.04 6.48
InP -14.6 -3.1 -16.5 210 1.424 0.4 42.4 5.86
InAs -53.0 -4 -55 420 0.418 0.41 0.025 30.08 6.05 11.3 6.3
GaSb -28.1 -4.5 -31.2 750 0.811 0.3 0.06 25.29 6.1
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Figure 2: Dispersion laws (32) in different crystallographic directions for heavy (H), light (L),
and split-off (S) subbands in Si and Ge.
Hole wavefunctions
Once the hole spectrum Eν (ν = H, L, S) has been found, equation (19) enables one to
determine the coefficients icν corresponding to the energies Eν, which determines the hole
wavefunction





, exp n k iki ik n k
i n i n
p
k r ik r c k r k r









r r r hr r r r
r r . (35a)
In the Luttinger-Kohn basis (27) the wavefunctions of the holes, to lowest order in k, are
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k r ik r c k rνν
=−=
ψ = ⋅ ψ∑ ∑
r r rr r r .  (35)
Since all three eigenvalues (32) of the matrix (30) are doubly degenerate, the sets of coefficients
, JJ m
cν  for each of the subbands ν are determined not uniquely, but only to a unitary
transformation of the degenerate functions. Time reversal operator K for spin function Ψ1α + Ψ2β
(see (27)) is
( ) * *1 2 2 1K i iΨ α+Ψ β = − Ψ α+ Ψ β . (36)
It is easy to see that for the functions (27) this gives
3/ 2 3/ 2 3/ 2 3/ 2
3/ 2 3/ 2 3/ 2 3/ 2
3/ 2 3/ 2 3/ 2 3/ 2
1/ 2 1/ 2 1/ 2 1/ 2
1/ 2 1/ 2 1/ 2 1/ 2










ψ = ψ ψ = −ψ
ψ = −ψ ψ = ψ
ψ = ψ ψ = −ψ
(37)
Relative to the basis Kψ, the matrix HLK (30) becomes HLK* and this implies that the eigenvalues
(32) are doubly degenerate. The coefficients , JJ mc
ν+  and , JJ mc
ν−  of the two degenerate functions
ν+ψ  and ν−ψ  may be subjected to a condition similar to (37):
* *
3/ 2,3 / 2 3 / 2, 3/ 2 3 / 2, 3 / 2 3 / 2,3 / 2
* *
3/ 2,1/ 2 3/ 2, 1/ 2 3 / 2, 1/ 2 3 / 2,1/ 2
* *




c c c c
c c c c
c c c c
ν− ν+ ν− ν+
− −
ν− ν+ ν− ν+
− −






It is convenient to write the wavefunctions (35) as a column matrix of expansion coefficients
( ), JJ mc kσν
r
 in terms of Luttinger-Kohn functions (27),
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( ) ( ) ( )
3/ 2,3 / 2
3 / 2,1/ 2
3 / 2, 1/ 2
3 / 2, 3 / 2
1/ 2,1/ 2

























ψ = ⋅ = ⋅ ϒ
r r r rr r . (39)
Non-normalized eigenfunctions ( )kσνϒ r  of the matrix (30) which satisfy (38) are presented in
Table 2. Here we used coefficients (31) and hole spectrum (32).
Table 2
Non-normalized wavefunctions of valence subbands (39) in the representation (27).
H +ϒ H −ϒ










2 3 2 3
2 2 3
2 3 2 3
0
2 3






E F E F G G E H
H E F HI
I E F G H
i H E F HI
i I E F G H
− + − − ∆ − −
− + ∆ −














2 3 2 3
2 2 3
2 3 2 3







I E F G H
H E F H I
E F E F G G E H
i I E F G H
i H E F H I
+ − + ∆ −
− − + ∆ +
− + − − ∆ − −
+ − −























H E F H I
E F E F G I H
I E F G H
i E F G F H I
i H E F HI
− − + ∆ +
− − + + − ∆ + +
− + − + ∆ +























I E F G H
E F E F G I H
H E F HI
i H E F H I
i E F G F H I
+ − + ∆ −
− − − + ∆ − −
− − + ∆ +
− −























H E F H I
E F E F G I H
I E F G H
i E F G F H I
i H E F HI
− − + ∆ +
− − + + − ∆ + +
− + − + ∆ +























I E F G H
E F E F G I H
H E F HI
i H E F H I
i E F G F H I
+ − + ∆ −
− − − + ∆ − −
− − + ∆ +
− −
− − − + −
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Normalizing these vectors, we determine the wavefunctions (39) for all valence subbands. The
choice of these functions is not unique, as has been shown above. Any linear combination of
matrix columns ν+ϒ  and ν−ϒ  from Table 2 is the eigenfunction of the matrix HLK.
1.3 “Warped spheres” and isotropic approximation
In the special case that spin-orbit splitting ∆ is large compared to the carrier kinetic
energy, as measured from the bottom of the of each subband, the problem is simplified. For then
to calculate hole spectrum it suffices to determine the eigenvalues of the fourth order matrix that
































These matrices give the spectrum of each of the splitted subbands separately. Twofold





2 2 2 2 4 2 2 2 2 2 2 2
2





H x y x z y z
L x y x z y z
S
F G F GE H I Ak B k C k k k k k k
F G F GE H I Ak B k C k k k k k k
F GE Ak
+ − = + + + = + + + +  
+ − = − + + = − + + +  
+= −∆ = −∆
(42)
The surfaces of constant energy (42), shown in Fig. 3 are warped spheres. In this approximation
all three subbands are parabolic with different anisotropy than in approximation (32).
Figure 3: Constant energy surfaces for light and heavy holes in Si and Ge at 63 meV and 37 meV
respectively, calculated using (42) (warped spheres approximation).
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Hole kinetic energy is usually bounded by the optical phonon energy Wop (see Table 1) for
electrically driven carriers in moderate applied fields. Comparison of Figs. 3 and 1 shows that
“warped spheres” approximation is not valid for silicon because of the small spin-orbit splitting
(44 meV) compared to optical phonon energy (63 meV), and spectrum (32) with wavefunctions
(39) must be used. It can be seen from Figs. 1 and 3 that the “warped spheres” approximation is
good for semiconductors with large ∆, like germanium, for example.
Similarly to (39), the wavefunctions of light and heavy holes can be written as column
matrices of expansion coefficients for the wavefunctions in terms of the first four (J=3/2)
Luttinger-Kohn functions (27),
( ) ( ) ( )
3/ 2,3 / 2
3 / 2,1/ 2
3 / 2
3 / 2, 1/ 2



















ψ = ⋅ = ⋅ ϒ Ω
r r rr r . (43)
Normalizing the eigenvectors of the matrix (40) and using relations (38), we calculate light- and
heavy-hole wavefunctions
( )( ) ( )( ) ( )
( )( ) ( )( ) ( )
3/ 2 3/ 2
* *







HH H L H H L
LL L
LL L H L L H
H I
E F










ϒ = ϒ =
− −− − − −
−
−
ϒ = ϒ =
− −− − − −
(44)
where parameters and energies are given by (31) and (42). The functions (43) and (44) depend
only on the direction of the vector k
r
, but not on its magnitude, in contrast to the more exact
functions (39) and functions in Table 2.
19
Isotropic approximation in Ge and GaAs
In some semiconductors, like germanium or GaAs, band warping is not very pronounced
(see Figs. 1 and 3), and small-warping (isotropic) approximation with directionally averaged
effective masses of light and heavy holes can be used for many problems. Integrating surfaces in












= θ ϕ θ θ ϕ∫ ∫π
h . (45)
For germanium (45) gives *Hm = 0.35me, *Lm =  0.043me (me – electron mass). In this





= h . (46)
Hole wavefunctions (44) in this approximation are simple functions of hole motion direction,
2
3/ 2 3/ 2
2
1cos sin

















ϒ = ϒ =
− θ






3/ 2 3/ 22 2
2
2 2
3 sin cos 3 sin
21 1 3cos 01 12 , .
0 11 3cos 1 3cos 1 3cos















ϒ = ϒ =
+ θ + θ + θ
− θ − θ θ
   (48)
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CHAPTER TWO: SCATTERING PROCESSES
2.1 Acoustic phonons scattering
Deformation potential
Acoustic phonons represent lattice vibrations in the case that all atoms in the unit cell
move in the same direction with a small phase difference. The vibrations deform the band
structure calculated for a perfect periodic lattice of atoms, but since the deformation of the
crystal is small and slow enough for the charge carriers to respond instantly, the problem may be
treated as a time-independent perturbation of the perfect lattice, to first order.
The deformation potential of acoustic phonons is proportional to the gradient of the
displacement of the atoms in the lattice. The fundamental ideas behind this deformation potential
method are that Hamiltonian is of the same form for lattice scattering as for homogeneous strain
of the crystal, that a long wave acoustic phonons may be regarded as a slowly-varying, locally-
homogeneous strain, and that their scattering matrix element can be expressed in terms of a few
parameters determining the change in band structure due to an external uniaxial stress. The long-
wavelength part of the phonon spectrum consists of three acoustic branches. It is easy to verify
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xx yy zz xx yy zz
xx yy xy yz xz
l m ff m g m L
nI l m in h i
+= ε + ε + ε = + ε + ε + ε
= − ε − ε − ε = − ε + ε
(50)
and
, 2 , 3 ,m a b l a b n d= − = + = (51)
( ) ( )1 ˆ ˆ, 2ij s i sj j siq e q e q eε = − +
r r (52)
a, b, and d are the usual deformation potentials describing the behavior of the valence band edge
under uniaxial stress [1], se








 – hole wavevector, ν – hole
subband (H, L, S), σ – effective spin state (‘+’ or ‘-‘) see Table 2) to state ,k ′σ′ ′ν
r
with
absorption (upper part) or emission (lower part) of an acoustical phonon qr  of branch s is [1]









′+ ν ′σ σ
′ν νν








where ρ – is the mass density of the crystal, Vc is the crystal volume, qsnr  – is the phonon
occupation number. Wavefunctions of the initial and final states of the hole are given by Table 2,
energies Eν are given by (32) with reverse sign (must be positive), and matrix Hac is given by
(49). In order to obtain the total probability of transition we must sum (53) over final effective
spin states ′σ , and average over initial effective spin states σ, and also average over the initial
states of the phonons, giving





P W E k E k q
nV
′ ′ ′+ ν ν
′ν νν ν










2, 1 , ,
2
k
acackW k q H k
′ ′ν ′σ σ
ν ′σσ
′= + ν ε ν∑
r
r
r rtr , (55)
( )
1








For silicon, where the full 6x6 representation (27) with spectrum (32) and hole wavefunctions
(39) must be used, analytic calculation of the matrix elements in (55) is very complicated but can
be performed numerically. For semiconductors like Ge or GaAs, where the “warped spheres”
23
approximation with spectrum (43) and hole wavefunctions (42) can be used (see above), then
neglecting split-off subband, expression (55) can be simplified [1] to
( ) ( ) ( ) ( ), 0 0, , L Hkack kkW E k E k E E′ ′ν ′νν′ν ν ′ν ′=δ ε δ ε − δ ε δ ε Ψ
r
r rr
r rt t t t , (57)
where δEν are the spectra changes of the holes in ν-th subband under the strain ε at high energies,
0E
λ
δ  are the spectra changes at point Γ under the strain ε.
( ) ( )( )
2 2 2 2




x xx y yy z zz x y xy x z xz y z yz
x y x z y z
Bb k k k k Dd k k k k k k
E k a
B k C k k k k k k
ν
   ε + ε + ε − ε + ε + ε + ε  δ ε = ε ±
+ + +
r t , (58)
xx yy zzε = ε + ε + ε , (59)
( ) ( ) ( )
2 2
0 0 2 2 2 2 2
2 2L H ii ii jj iji i j i j
b dE E a b a
≠ ≠
 δ ε δ ε = − ε + + ε ε − ε∑ ∑ ∑  
t t , and (60)
( ) ( )
( ) ( )
2 2 2 2 2 2 2 2






x y x z y z x y x z y z
D k k B k k B D k k
B k C k k k k k k B k C k k k k k k
′νν
′
 ′ ′ ′⋅ − + − ∑ 
Ψ =  




In Eq. (58) the upper (lower) sign denotes heavy (light) subband. In Eq. (61) the upper (lower)
sign corresponds to intrasubband (intersubband) transitions between light and heavy hole
subbands. Evaluation of (54) with matrix element (57) defines the acoustic deformation potential
scattering probability in the “warped spheres” approximation for any intra- and intersubband
transitions between L and H subbands.
Simplified model
Scattering rates (54) can be simplified in the isotropic approximation, where hole
dispersion is defined by (46) and wavefunctions of light and heavy holes by (47) – (48), and
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where the phonon spectrum is considered isotropic also. In this simplified model, the valence
band deformation parameters can be included by a suitable average into a single constant, which
is called the effective deformation potential constant effΞ [4]. The polarizations of the transverse
and longitudinal phonons are also taken into account in this constant. This effective deformation










+= Ξ = Ξ . (62)
where sl and st are the longitudinal and transverse sound velocities respectively. In this
approximation longitudinal and transverse phonon modes are combined. Noting that the acoustic
phonons are of long wavelength, so the potential varies slowly over a unit cell, the following
expression is obtained for the acoustic phonon absorption (upper) and emission (lower)
differential scattering rates [5]




nE qP k k G k k E k E k q sq
nV s ′ ′′ ν ν ν νν ν ′ ±
π′ ′= δ − + ± δ
+ρ
r r r
r r r r r r r
h . (63)
Here q q= r  is the length of the phonon wavevector qr , and G is the overlapfactor defined as







G k k u r u r dr′ν ν ′ ′ν ν′ = ∫ r r
r r r r r . (64)
Here kuν r  is the periodic part of the Bloch function which has the periodicity of the crystal.
Integration in (64) is over the unit cell. Using orthonormaility of the Luttinger-Kohn functions
(37)
1 2









ψ ψ = δ δ∫
r , (65)
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and hole wavefunctions (35), the overlapfactor (64) can be calculated in terms of scalar products
of column matrices kνϒ r  from Table 2 (full basis), Eqs. (44) (“warped spheres” model), or
Eqs.(47) – (48) in isotropic approximation. Averaging over the effective spin states of intial and
final holes we get




G k k k k k k′σ σ′ ′ν ν ν ν ′ν ν
′σ σ =+ −
′ ′ ′= ϒ ⋅ϒ = ϒ ⋅ϒ∑
r r r r r r
. (66)
In isotropic approximation with wavefunctions (47) – (48), the overlapfactor is a simple function
of an angle between initial and final wavevectors of the hole,
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For Monte-Carlo simulation, rate (63) must be integrated over k ′
r
 to calculate the angle
dependent scattering rate using conservation of energy and momentum,
( ) ( ) ( )2 3/ 21 ,, 2 3, , 18 2
qac
q
nE qmP k G k k E k sq
ns
′ν
′′ ν ν νν ν ′ ′Ω = ±+π ρ




where m ′ν  is the final state hole effective mass averaged over directions (which may be
anisotropic if needed) and ( ),′ ′ ′Ω = θ ϕ  its direction. The momentum conservation law has been
taken explicitly,
( )( )
2 2 2 cos ,
1 2 .
q k k k k kk
k m E k sq′ν ν








Summation over final states and transformation of the energy-conservation delta function have











V VF k F k dk F k k dk d d
′ ′ θ ϕ
′ ′ ′ ′ ′ ′= = θ θ ϕ∑ ∫ ∫∫∫
π π
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r r r r
, (70)
and ( ) ( ){ } ( )( )2 1 2mE k E k sq k m E k sqk′ν′ ′ν ν ν ν




.      (71)
To calculate the total scattering rate, further approximations have to be made because of the
dependence of phonon energy (and qn according to (56)) on the scattering angle. Often these
problems are overcome by assuming elasticity of the process and expanding qn  into series up to
first order (equipartition approximation). However, this does not hold at low temperatures. In the
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The energy and momentum conservation laws impose lower and upper limits X1 and X2 on the
possible values of x. Then for further simplification overlapfactors G in (68) are replaced by their
average value of ½. The resulting expressions for acoustic phonon absorption and emission are
[6]:
Phonon absorption
( ) ( ) ( ) ( ) ( )2 2 3 3 4 4 6 61 1 1 1, 1 1 1 12 6 48 4320ac ab m m m mabP k D X X X X X X X Xν
































  ε   = ± ± −   
















  ε   = + + −   
     
r
, (76)







{ }2min ,mX X X= , (78)
21 .
2s
m sνε =       (79)
In (75) and (77) upper and lower signs refer to the cases m m′ν ν>  and m m′ν ν≤ , respectively.
Phonon emission















  ε   = − ± ± −   















  ε   = − + + −   
     
r
, (82)
where upper and lower signs refer to the cases m m′ν ν>  and m m′ν ν≤ , respectively. When
m m′ν ν≤  emission of an acoustic phonon is only possible above a threshold energy given by
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and becomes important at low temperatures (T < 10 K), while for absorption of a phonon with
m m′ν ν≤ and an initial energy satisfying









there is a forbidden zone in an interval between X1 and X2. This region can be ignored, even at
low temperatures, because it refers to very low energies. Isotropic dispersion (46) was assumed
in derivation of the rates (73) and (80).
Rate (73) and (80), with effective acoustic deformation potential constants and sound
velocities given in Table 3, define intra- and inter- subband scattering rates between L and H
subbands with absorption and emission of an acoustic phonon in isotropic and parabolic
approximation defined by hole dispersion (46) and wavefunctions (47) – (48).
Table 3
Acoustic deformation constants, densities, and average sound velocities of some semiconductors.
Vsound (m/s) E1 (eV) Ξeff (eV) ρ (kg/m3)
Ge 3939 5.9 7.8 5320
Si 4030 6.3 8.1 2330
GaAs 3860 5.6 6.9 5360
Fig. 4 represents calculated intra- and inter-subband scattering rates in germanium for light and
heavy holes and temperatures 10 and 77 K. Transitions with emission of an acoustic phonon are
dominant at low temperatures, where the Bose-Einstein phonon distribution (56) is small. Rates
with emission and absorption of an acoustic phonon become comparable at higher temperatures.
Intrasubband H H (intersubband L H) transitions are dominant for heavy (light) holes.
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Figure 4: Acoustic phonon scattering rates calculated for germanium according to (73) and (80)
with constants, defined in Table 3. Rates are plotted for two temperatures 10 K and 77 K. Intra-
and inter-subband rates are presented for both light and heavy holes.
2.2 Non-polar optical phonons scattering
Deformation potential
The optical branch of the phonon spectrum represent the set of harmonic oscillators
describing the relative motion of the two individual atoms in a primitive cell. (The acoustic
branch represents the motion of the center of mass of these atoms.) The importance of optical
30
phonon scattering is clear from the point of view of the working mechanism of the hot-hole inter-
valence-band p-Ge laser [7,8]. This scattering process id the process leading to the population
inversion in the light and heavy hole subbands as is needed for the laser to work. The energy
exchange with the charge carriers is so large that it dominates many transport processes, e. g.
streaming motion. The energy ћωop (see Table 1) associated with optical modes is essentially
independent of the phonon wavevector q near the Γ-point of the valence band [3]. Both
transverse modes and the longitudinal optical mode branches converge at q = 0 for non-polar
lattices [3], e. g. for Ge and Si. As a consequence of this, the polarization of the phonon may be
expressed in terms of any set of orthogonal unit vectors [4]. The matrix of the optical
deformation operator Hopt in the basis (27) can be presented as [1]
 ( ) [ ]( )2
3
s s s s
opt opt x y z y x z z x yH e d e J J e J J e J J   = + +   
r , (85)
where ( )opt td D K=  is the optical deformation constant of the crystal (see Table 1), se
r  is the s-
branch phonon unit vector of polarization. The matrices of operators [Ji Jj] are the symmetrized
products of the matrices of angular momentum projection operators Ji and Jj in the basis (27)
( )12i j i j j iJ J J J J J  = +  . (86)
The matrices Jx, Jy, and Jz can be calculated as [9]:
( )( )1, , 1 , 1 , 1
2J x J J x J J J
J m J J m J m J J m J m J m− = − = + − + , (87)
( )( ), , 1 , 1 , 1
2J y J J y J J J
iJ m J J m J m J J m J m J m− = − − = − + − + , (88)
, ,J z J JJ m J J m m= , (89)
In the basis (27) these matrices are
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0 3 / 2 0 0 0 0
3 / 2 0 1 0 0 0
0 1 0 3 / 2 0 0
0 0 3 / 2 0 0 0
0 0 0 0 0 1/ 2
0 0 0 0 1/ 2 0
xJ = , (90)
0 3 / 2 0 0 0 0
3 / 2 0 0 0 0
0 0 3 / 2 0 0
0 0 3 / 2 0 0 0
0 0 0 0 0 / 2













3 / 2 0 0 0 0 0
0 1/ 2 0 0 0 0
0 0 1/ 2 0 0 0
0 0 0 3/ 2 0 0
0 0 0 0 1/ 2 0








Similarly to (53), the probability of the transition from state ,k σν
r
 to state ,k ′σ′ ′ν
r
with
absorption (upper part) or emission (lower part) of an optical phonon qr  of branch s is
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r r r rh r
h
h
,    (93)
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( )( ), ,opk k E kν′ ′ ′ ′= ± ω ν Ωr r r h . (94)
The deformation potential is defined by (85). Integrating over k′
r
, summing over three
orthogonal polarization vectors, summing over final and averaging over initial degenerate states
(effective spin projections) we obtain
( ) ( ) ( )
2
2


















( ) ( )
( ) ( ) ( )
2
, , 1,0,0 ; 0,1,0 ; 0,0,1





R k k H e k′σ σ
′σ σ =+ − =
′ ′ ′ ′ν ν Ω = ν ν∑ ∑
r
r r rr . (96)
Expression under the integral (95) defines differential scattering rate of the hole with wavevector
k
r
 from subband ν  to subband ′ν into direction ′Ω . Non-parabolicity of  the hole dispersion is
accounted for in the partial derivative term. Using matrix (85) and hole wavefunctions from
Table 2, all possible intra- and inter-subband transition rates with absorption or emission of an
optical phonon can be found for arbitrary initial hole state in anisotropic and non-parabolic case.
Figure 5: Anisotropy of optical phonon scattering in Ge and Si. Diagrams represent the
directional distribution of scattered hole.
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Fig. 5 presents differential intra- and inter-subband transition rates with emission of an optical
phonon as a function of the final hole direction in germanium and silicon. Initial energies are
taken to be 2 ћωop (74 meV for Ge, and 122 meV for Si), and the initial direction of hole is
<100> as indicated in Fig. 5 by the arrow.
Not only scattered hole has very anisotropic directional distribution in Si, but integrated
over all possible directions rate (95) is also a function of the direction of initial wavevector k
r
.
Integrated rates (95) are plotted for Si in Fig. 6 as a function of initial direction of the hole with
energy 90 meV. For <100> crystallographic orientation the scattering rate is about 1.5 times
higher than for <110> (<111>) orientation for heavy (light) holes. The same rate calculated for
germanium show no angular dependence of the total scattering rate. To our knowledge, this is
the first time that anisotropy of optical phonon scattering in silicon has been described.
Figure 6: Optical phonon scattering rates in Si integrated over final states and plotted as a
function of initial direction of the hole with energy 90 meV. Two colorbars represent rates for
intra- and inter-subband transition for both light and heavy holes.
Simplified models (“warped spheres”)
The usual approach for optical phonon scattering in cubic semiconductors [4] is based on
the “warped spheres” approximation with spectrum (42) and hole wavefunctions (43). In this
34
approximation scattering rates (95) can be analytically simplified. Neglecting the split-off
subband, expression (96) becomes similar to (57) [1], namely
( ) ( ) ( )
( ) ( ) ( )
2
1,0,0 ; 0,1,0 ; 0,0,1




R k E k e E k e d ′νν′ν ν ′
=
′ ′ ′ν ν Ω = δ δ + Ψ∑ rr
r
r r rr r , (97)
where kk
′νν
′Ψ rr  is defined by (61) and ( )0 , sE k eνδ
r r  is the change in the energy of the holes when
each of the sub-lattices is subjected to a displacement ser  for hole energies significantly
exceeding the band splitting at the Γ point [1]:
( ) ( )( ),
0
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x y x z y z
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r r . (98)
The upper (lower) sign in (98) represents the heavy (light) hole subband. Using parabolic
dispersion (42), integral (95) is simplified to




























h  is the effective mass of the hole of the ν-th subband in the direction
Ω. *mν  does not depend on the magnitude of k
r
 in this approximation. Fig. 7 presents differential
intra- and inter-subband transition rates with emission of an optical phonon as a function of the
final hole direction in germanium and silicon calculated in the “warped spheres” approximation.
Initial energies and the direction of the hole are the same as in the Fig. 5.
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Figure 7: Anisotropy of optical phonon scattering in Ge and Si calculated in the “warped
spheres” approximation. Diagrams represent directional distribution of scattered hole.
Integrated over final hole directions, the scattering rate (99) is almost the same for any initial
direction of the hole for both crystals in contrast with rate (95) integrated in the original 6x6
Hamiltonian approximation (see Fig. 6). Comparison of Figs. 5 and 7 shows that optical phonon
scattering calculation in the “warped spheres” approximation is reasonable for germanium, but is
a poor approximation for silicon.
Simplified models (isotropic)
Usually, integration over final states according to (95) and (99) consumes significant
amount of calculation time during Monte Carlo simulation. For some problems anisotropy of the
valence band can be neglected completely (isotropic approximation). Then using dispersion (46)
and wavefunctions (47-48), rate (99) can be calculated as
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Integration has been performed according to
( ) ( )* 3/ 2 * 3/ 2 24, , , 32
warp
opt optm R k d m d′ ′ν ν
π′ ′ ′ ′Ω ν ν Ω Ω =∫
r
. (101)
Rates (100) with emission or absorption of an optical phonon, calculated for germanium, are
plotted in Fig. 8 for both intra- and inter-subband transitions.






























































Figure 8: Optical phonon scattering rates calculated for germanium in the isotropic
approximation Eq. (100) with constants defined in Tables 1 and 3. Rates are plotted for two
temperatures 10 K and 77 K. Intra- and inter-subband rates presented for both light and heavy
holes.
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2.3 Ionized impurity scattering
Scattering rate
An ionized impurity in p-type material can be seen as a point charge of charge ±Ze,
where Z is the valence of the impurity and ±e is the charge (minus sign for acceptors and plus
sign for donors). The acting force is therefore well described by a Coulomb force. To eliminate
the problem of the divergence of the cross-section for scattering off a Coulomb center at large
impact parameters, some sort of screening model must be introduced. The potential energy
associated with the impurity can be presented by a Yukawa or Debye-Hückel potential with
inverse screening length βs (the choice of this parameter will be discussed below),














where r is the distance to the impurity and εrε0 is the dielectric constant of the material. This
screened Coulomb potential is only valid under the conditions that it is small in such a way that it
does not create any bound states for the free charge carriers and that it is used as the perturbation
in the Born approximation. This approximation assumes that the distortion of the wavefunction
by the potential can be neglected (strictly speaking, this distortion is permanent because the
Coulomb potential is infinite in time). Potential (101) is used here under the assumption that the
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Avergaing over initial and final effective spin projections, the matrix element in (103) can be
calculated as
( ) ( )2 2 42 ,
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where ( ), ,G k k′ν ν ′
r r
 is defined by (66). Derivation of (104) involves integration of the periodic
parts of wavefunctions (39) or (43) (“warped spheres” approximation), over a unit cell, within
which the Fourier component of Coulomb potential is considered constant, followed by a
summation over unit cells. Multiplying (103) by the total number of ionized impurities in the
crystal N = pVc (p – is the ionized impurity concentration) gives the scattering rate
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( ), , ,q k k k′ ′ ′ν ν Ω = −r r r , (107)
( )( ), ,k k E kν′ ′ ′ ′= ν Ωr r r . (108)
The last equation represents the elasticity of the process. Expression (106) defines the differential
scattering rate of the hole with wavevector k
r
 from subband ν  to subband ′ν into direction ′Ω .




general anisotropic and non-parabolic case. Directional diagrams of intra-subband (light-to-light
and heavy-to-heavy) and inter-subband (light-to-heavy and heavy-to-light) are presented in Fig.
9 for an incident hole with kinetic energy 5 meV.
Figure 9: Directional diagram of intra- and inter-subband scattering of holes with Eo = 5 meV on
ionized impurities in germanium.
Most of the intra-subband scattering events occur with the final momentum of the hole in the
same direction as initial one. In order to change its subband hole must be deflected significantly
from its initial direction.
Simplified models (“warped spheres”)
Since scattering on ionized impurities of most importance for slow holes, non-
parabolicity of the valence band at high carrier kinetic energies can be neglected. In the “warped






































π ε ε   ′ ′Ω Ω  β + + − ζ





( )cos cos cos sin sin cosk k
k k
′⋅ ′ ′ ′ζ = = θ θ + θ θ ϕ−ϕ
′
r r
r r . (110)
Simplified models (isotropic)
In the small-warping (isotropic) approximation (see (46) – (48)) rate (109) is simplified
by neglecting dependence of the effective hole mass on the direction of motion. This approach is
justified by the small scattering probability for hot holes. Thus, (109) can be integrated over final
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These rates are plotted in Fig. 10 for ni = 1014 cm-3 (a typical concentration for the p-Ge laser
[7,8]) in germanium (εr  = 16) as a function of hole energy. The parameter βs was chosen to be
105 cm-1, which is comparable with the average inverse distance between scattering centers at
1014 cm-3 impurity concentration. Generally thescreening parameter can be chosen as the average
distance between scattering centers [11] to give 1 1/ 30.55396s in− −β = . At low concentration the
rate is directly proportional to ionized impurity concentration, but the rate saturates for higher
concentrations (ni >1017 cm-3).
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Figure 10: Ionized impurity scattering rates calculated for germanium in the isotropic
approximation (111) for intra- and inter-subband transitions. The impurity concentration is 1014
cm-3.
2.4 Hole-hole scattering
In semiconductors, intersubband hole transitions caused by carrier-carrier scattering are
important for applications where relative subband populations matter. Hole-hole scattering
affects inversion population between light and heavy subbands in the terahertz hot-hole p-Ge
laser [7,8,12], and it is the dominant scattering process responsible for light hole life time in the
proposed (see below) multilayer delta-doped p-type structures. Previous Monte-Carlo
simulations of hole dynamics in bulk p-type semiconductors (particularly germanium) treated
hole-hole scattering the same as scattering on impurities, whose effective concentration was
taken as the sum of acceptor and mobile carrier concentrations [8,13]. In this dissertation a more
accurate approach is developed. Electron-electron and electron-hole scattering in homogeneous
semiconductors has been treated previously in the center of mass coordinate system [11,14,15].
This approach is unsuitable for hole-hole scattering that results in intersubband transitions.
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Intersubband carrier-carrier scattering in semiconductor quantum wells has been considered [16-
18], but results for quantum wells, where the valence band structure and hole wavefunctions are
strongly modified by confinement, cannot be applied to homogeneous semiconductors. In this
dissertation I present formulas for hole-hole scattering in homogeneous cubic semiconductors
using explicit hole wavefunctions (35). These formulas are especially important for accurate
treatment of intersubband (light-to-heavy and heavy-to-light) transitions.
Scattering rate
For the Coulomb interaction potential with usual exponential screening factor, the
transition probability for the 1 2 3 4k k k k+ ⇒ +
r r r r
 process (see Fig. 11) is
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– hole wavevector, ћ – Planck constant, e – electron charge, βs – screening parameter,
εr– relative permittivity, ε0 – permittivity of free space, and Ei – hole kinetic energy.
Figure 11: Hole-hole scattering diagram.
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The symmetrized two-particle states ,i jΨ  calculated using single hole wavefunctions in the νi-th
and νj-th states are
( ) ( ) ( ) ( ) ( ){ }, 1, , , , , , , , ,2 i j i ji j i j i j i j i i j j i j j ik k r r k r k r k r k rν ν ν νΨ ν ν = ψ ψ −ψ ψ
r r r r r rr r r r r r
. (113)
Using expansion (35), the initial and final two-hole states can be written as




LK LK LK LK
ij i j i j
i j
a r r ik r ik r r r ik r ik r
= =
 Ψ = ψ ψ ⋅ + ⋅ −ψ ψ ⋅ + ⋅∑ ∑  
r r r rr r r r r r r r , (114)
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i j
b r r ik r ik r r r ik r ik r
= =
 Ψ = ψ ψ ⋅ + ⋅ −ψ ψ ⋅ + ⋅∑ ∑  
r r r rr r r r r r r r , (115)
where each of the indices i and j represent a pair of  quantum numbers (J, mJ), and ( )LKi rψ
r  are
basis functions in the Luttinger-Kohn representation (27), listed as follows
{ } { }3/ 2 3/ 2 3/ 2 3/ 2 1/ 2 1/ 23/ 2 1/ 2 1/ 2 3/ 2 1/ 2 1/ 2, , , , ,LKi − − −ψ = ψ ψ ψ ψ ψ ψ . (116)
 Matrices aij and bij are products of coefficients,
 ( ) ( )1 21 2ij i ja c k c kν ν=
r r
, (117)
( ) ( )3 43 4ij i jb c k c kν ν=
r r
.   (118)
Substituting Eqs. (114) and (115) into Eq. (112), using Luttinger-Kohn function orthonormality
1 2
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r ,  (119)
(Vu – unit cell volume), and requiring momentum conservation ( 1 2 3 4k k k k+ = +
r r r r
) gives
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where Vc is the volume of the crystal. In Eq. (120) the factors F+ and F- are
( ) 6 6 *1 2 3 4
1 1
, , , , ij ij
i j
F k k k k b a+
= =
ν = ∑ ∑
r r r r r , and (121)
( ) 6 6 *1 2 3 4
1 1
, , , , ij ji
i j
F k k k k b a−
= =
ν = ∑ ∑
r r r r r , (122)
where { }1 2 3 4, , ,ν = ν ν ν ν
r is a set of initial and final states. Derivation of Eq. (11) involves
integration of the periodic parts of wavefunctions Eqs. (114) and (115) over a unit cell, within
which the Fourier component of the Coulomb potential is considered constant, followed by a
summation over unit cells. Evaluation of (120) defines the desired matrix element in the hole-
hole scattering probability Eq. (112) for any initial and final states of interacting holes.
Averaging over the final hole momenta and multiplying by the total number of holes in the
crystal N = pVc, gives the scattering rate
( ) ( ) ( ) ( ) ( ) ( )1 2 3 4
4
1,2 3,4 1 2 1 2 3 1 2 3 1 2 3 32 2 2
0
, , , , ,
4 r
e pR k k W k k k E k E k E k E k k k dk→ ν ν ν ν ν ≈ ν δ + − − + −∫  π ε ε
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+ −ν = −
− +β − +β
r r r r
r r r r . (124)
In Eq. (123), Eν( k
r
) is the kinetic energy of a hole with momentum k
r
 in the ν-th subband
(generally non-parabolic) and p is the hole concentration. Evaluation of Eq. (123) solves the
problem of hole-hole inter- and intra- subband scattering rates in the approximation that the hole
kinetic energy and spin orbit splitting are small compared to the fundamental gap.
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“Warped spheres” and isotropic approximation
When carrier kinetic energy is small compared to the spin-orbit splitting, the
wavefunction (43), written in a reduced basis consisting of the first four Luttinger-Kohn
functions with J = 3/2 can be used. Matrices Eqs. (117) and (118) and factors Eqs. (121) and
(122) become functions of the direction of hole motion only, independent of the momentum
magnitude.
In the isotropic band approximation (see Eqs. (45 – 48)), the total momentum vector 1 2k k+
r r
 can
be taken along the z-axis as shown in Fig. 11, and the scattering rate (123) is modified to
( ) ( )21,2 3,4 1 2 3 1 2 3 3 3 3 3
0 0
, , sin , , , , ,R k k U k k k d d
π π
→ ν ≈ θ ν θ ϕ θ ϕ∫ ∫
r r r rr r ,  (125)
where function
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Eq. (126) defines the differential scattering rate of one of the incident holes into direction (θ3,
φ3), with initial and final subbands of the two holes indicated by the components of ν
r . In Eqs.




= , and ξ1, ξ2 are the roots of the equation
( )2 2 21 21 2 33 4 1 22
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0
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  ++ θ +  ξ − ξ + − − =      
r rr r
. (129)
Direction Ω4, which is needed to calculate F+ and F-, is determined by momentum conservation.
To calculate the net inter- or intra-subband transition rate, the rates must be summed over the
effective-spin projection of the scattered holes, e.g.
( ) ( )3 4
3 4
1,2 3,4 1 2
, ,
, ; , , , , , ,G L L H L R k k L L H Lσ σ+ − + −→
σ σ =+ −
≡ ∑
r r
.       (130)
Rates (130) generally depend on the relative effective spin states of the incident holes in the
sense that, for example
( ) ( )
( ) ( )
, ; , , ; , ,
, ; , , ; , ,
G L L H L G L L H L
G L L H L G L L H L
+ − − +




but                   ( ) ( ), ; , , ; ,G L L H L G L L H L+ − + +≠ .                      (132)
If the effective spin state of the hole is not of the interest, as in usual p-type devices, these rates
can be averaged over effective-spin projections of the incident holes to give, for example,
( ) ( ) ( ) ( )1 2 2 2
1 2 2 2, , , ,
1 1 1, ; , , ; , , ; , , ; ,
4 2 2
g L L H L G L L H L G L L H L G L L H Lσ σ σ σ+ −
σ σ =+ − σ =+ − σ =+ −
≡ = =∑ ∑ ∑ . (133)
Scattering amplitudes in a basis different from (47 – 48) can be expressed as linear
superpositions of the scattering matrix elements Eq. (120) in a basis such as Eq. (47-48). Because
of the orthogonality of wavefunctions with + and – effective-spin projections, scattering rates
depend on the relative effective-spin projections of the interacting holes regardless of basis.
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Rates (133) averaged over incident effective-spin projections, are independent of the choice of
basis.
Calculation results
Calculations were performed for germanium in the approximation of isotropic and
parabolic bands (see (45 – 48)). In this approximation, scattering rate Eq. (125) was used.  The
isotropic heavy- and light-hole masses were taken to be 0.35 me and 0.043 me, respectively
[12,14]. Hole concentration was set to p = 1014 cm-3, which is typical for p-Ge lasers. At these
carrier concentrations the hole gas can be considered non-degenerate, i.e. all possible final states
in a scattering process are unoccupied. In general, occupation factors describing final state
populations could be included. The screening parameter βs in Eq. (127) was chosen to be 105
cm-1, which is comparable with the average inverse distance between scattering centers at 1014
cm-3 hole concentration, though the results depend only weakly on this choice.
Fig. 12 presents calculated differential rate (126) for intersubband scattering of a light
hole on heavy holes (with concentration 1014 cm-3) as a function of final wavevector direction for
one of the scattered heavy holes in terms of polar and azimuthal angles (θ3,φ3) (see Fig. 11).
Each hole was given initial energy of 20 meV. The rate was calculated by summing over final
effective-spin projections as in (130) and averaging over initial effective spin projections of the
holes as in (133). Initial directions (θ1, φ1) and (θ2, φ2) of light and heavy holes are indicated by
arrows. The wavevector direction of the second scattered heavy hole (θ4, φ4) can be found from
momentum conservation. The scattering rate is symmetric with respect to permutation of the two
final heavy holes since they are indistinguishable. As expected, the intersubband transition rate is
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sharply peaked near the direction of the incident heavy hole, which carries most of the initial
momentum of the system of two interacting holes.
Figure 12: Intersubband differential scattering rate for the transition LH HH as a function of
final direction of one of the heavy holes. E1 = E2 = 20 meV for incident holes. Initial directions
are indicated by the arrows.
Fig. 13 shows calculated intersubband scattering rates for the collision of a single light
hole on light holes with density of 1014 cm-3. The differential rates Eq. (126) for L+L+ HH and
L+L- HH processes, summed over final effective-spin projections as in Eq. (130), are plotted
separately as a function of the final direction of one of the heavy holes (θ3,φ3). Arrows indicate
the direction angles of the two incident light holes. Initial kinetic energy for each light hole was
chosen to be 20 meV. The two plots for the different relative effective-spin projections of the
incident light holes are clearly different, but generally the intersubband transition rate is largest
when there is a large change in momentum direction between incident light holes and the
scattered heavy hole. Comparison with Fig. 12 shows that the angular dependence of
intersubband transition probabilities is strongly different in case of LL HH collisions compared
to LH HH collisions.
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Figure 13: Intersubband differential scattering rates for the transitions L+L+ HH (upper) and
L+L- HH (lower) as a function of final direction of one of the heavy holes. E1 = E2 = 20 meV
for incident holes. Initial directions are indicated by the arrows.
Eq. (126) integrated over final directions according to Eq. (125) determines the
intersubband transition rate as a function of the angle of approach θa = cos-1( 1 2k k⋅
r r
) and initial
kinetic energies of two holes. Such rates ( )1 2, ; ,G L L H Lσ σ  and ( )1 2, ; ,G L L H Hσ σ  for the two
distinct combinations of incident effective-spin projections {σ1, σ2} are compared in Fig. 14,
together with the average rate g(L,H;H,H), as a function of θa. Initial kinetic energies were set
equal to 20 meV for each colliding hole.
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Figure 14: Light-to-heavy hole transition rates for specific incident-hole effective-spin
projections as a function of the angle of approach θa. E1 = E2 = 20 meV initially.
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The process LH HH was found to produce the highest intersubband transition rate for all θa.
This rate is largest when both incident holes are traveling in the same direction, which
maximizes their effective interaction time. The same observation holds for processes L+L- HH
and L+L- HL. Note that the transition rate vanishes when incident light holes have the same
effective-spin projection (L+L+ HH and L+L+ HL processes) and travel in the same direction
with the same kinetic energy (E1 = E2). This is a consequence of the antisymmetry of the
wavefunction Eq. (113), i.e. the matrix element (120) vanishes for such holes due to the Pauli
exclusion principle. As will be demonstrated below, these rates at θa = 0 becomes non-zero when
E1 ≠ E2. The curves ( )1 2, ; ,G L L H Lσ σ  and ( )1 2, ; ,G L L H Hσ σ  as functions of θa depend on the
choice of the basis (coefficients in (47 – 48)), but averaged rates g(L,L;H,L) and g(L,L;H,H) do
not.




















































Figure 15: Inverse intersubband (light-to-heavy hole) scattering rates for collision of two light
holes as a function of their kinetic-energy difference ∆E . E1 = 20 meV, E2 = E1 + ∆E, and the
angle of approach θa is indicated in the legend. Intersubband transition rates G(L+,Lσ;H,H) and
G(L+,Lσ;H,L) (see Eq. (22)) are summed in the left (σ = “+”) and right (σ = “–“) figures.  The
right figure includes intersubband transitions that proceed via the intermediate intrasubband
effective-spin-flip transitions L+L+ L-L+ and L+L+ L-L-.
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Fig. 15 plots the calculated inverse intersubband scattering rates for collision of two light
holes as a function of their kinetic energy difference and their angle of approach θa. The energy
of one of the incident holes is set to 20 meV.  The resonant increase observed for the inverse
scattering rate in the upper part of Fig. 15 is due to the decrease in the matrix element (120)
when light holes with the same effective-spin projection have similar wavevectors.  An increase
is still notable for θa = 100. The right part of Fig. 15 confirms the absence of any resonance when
incident light holes have different effective spin projection.
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Figure 16: L+L+ HL rate and its expansion into individual contributing rates for different
scattered light-hole effective-spin projections. E1 = E2 = 20 meV for incident holes.
Fig. 16 presents the rate G(L+,L+;H,L) expanded into effective-spin projection
components of the scattered light hole. In general, the final state of the scattered light hole would
be a superposition of effective-spin projections. Fig. 16 indicates that light holes in the
L+L+ HL process, tend to preserve their effective-spin projections. The specific dependence of
scattering rate for different final state components on angle of approach depends on the choice of
basis in the light subband, although the rate of transitions that flip the effective spin is always
found to be smaller.
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Average rates g(L,H;H,H), g(L,L;H,L), and g(L,L;H,H) are plotted in Fig. 17 as a function of
incident kinetic energies. For these calculations, the angle of approach θa was chosen equal to
π/4.
Figure 17: Intersubband LH HH (top left), LL HL (top right), LL HH (bottom) scattering
rates vs. hole kinetic energies for incident-hole angle of approach θa = π/4.
Many of the features in Fig. 17 can be understood qualitatively in terms of effective hole-
hole interaction time. Transition probabilities for perturbations acting for a finite time increase
monotonically with the effective duration of the interaction. Thus, all rates are observed to
increase as the speed of the holes decreases, which is similar to the energy dependence that
occurs for impurity scattering. In the tope left  graph, the light hole speed is much higher than
that of the heavy hole (giving small interaction time) for most of the energy range, and this
explains the relatively small variation in rate with heavy hole energy. In the top right graph,
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slowing either of the incident light holes has a large effect on the interaction time, and the
LL HL rate rises accordingly. For the LL HH transitions (bottom graph) to have rate
comparable to the LL HL ones, both incident holes must be slow, because the LL HH process
has lower probability for given incident conditions (Fig. 14).
Fig. 18 presents calculations of heavy-to-light hole transition rates ( )1 2, ; ,G H H L Hσ σ
and ( )1 2, ; ,G H H L Lσ σ  as functions of θa for different effective-spin projections of the incident
heavy holes. Initial kinetic energy of each hole was chosen equal to 10 meV. As can be seen
from Fig. 18, heavy-to-light intersubband transitions have low probabilities compared with the
reverse (light-to-heavy hole) process (Figs. 12 – 17) because of the large momentum transfer
between heavy and light holes. Such transitions occur only if the two incident heavy holes have
nearly opposite directions. The rate of the process HL LL is negligibly small compared to even
the HH LL process and is not plotted here.
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Figure 18: Heavy-to-light intersubband scattering rates for HH LH and HH LL processes. E1
= E2 = 10 meV for incident holes.
Example calculation of intersubband transition rates, presented in Figs. 12 – 18, illustrate
the implementation of the formulas in the simple case of isotropic valence band approximation
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for Ge. The curves plotted in Figs. 12 - 18 are virtually unchanged when the screening parameter
βs is set to zero (infinite screening length). This confirms the unimportance of a precise screening
model for intersubband transitions.
Among all intersubband light-to-heavy hole scattering processes, scattering of light holes
on heavy holes LH HH is the strongest light-subband depopulating process (see Fig. 14). Both
of the processes LL HL and LL HH, normalized on the same scattering center concentration,
give transition rates with the same order of magnitude as for the LH HH process, but the
concentration of light holes is usually much lower than the concentration of heavy ones.
However, for some strongly anisotropic carrier distributions with strong intersubband inversion
population, as occurs in the hot hole p-Ge laser [7,8,12], these processes become important and
should be retained in calculations. Heavy-to-light hole scattering is ineffective (Fig. 18) and
heavy holes tend to stay in their subband. Fig. 17 shows that for hole-hole scattering, slow light
holes have the highest intersubband transition rates, which is similar to the situation for ionized
impurity scattering (see Fig. 10).
Scattering rates for specific effective-spin projections depend on the choice of the
coefficients in the expansion Eq. (35) for the pair of degenerate functions belonging to a given
subband. In spin-polarized distributions, the coefficients would be determined by the conditions
of the experiment, and the dependence of scattering on effective-spin projection would be
important.   In usual devices without spin polarization, rates should be averaged over incident,
and summed over scattered, effective spin projections. Such rates are independent of the choice
of coefficients in Eq. (35). They can be used to calculate corrections to light- and heavy-hole
lifetimes in unipolar p-type systems, such as the p-Ge laser.
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Because of the angular dependence illustrated in Figs. 13 and 14, hole-hole scattering
rates depend on the angular part of the light and heavy hole distribution functions in momentum
space, in contrast with ionized impurity scattering, where only the distribution over the
magnitude of momentum matters in the isotropic band approximation. The more anisotropic the
carrier distribution function, the more hole-hole scattering differs from ionized impurity
scattering. For strongly anisotropic distribution functions, like in the hot-hole p-Ge laser,
scattering rates and lifetimes associated with them can differ significantly from those of ionized
impurity scattering [19], and the previous approach [8,13] with doubled effective ionized
impurity concentration is inaccurate. The approach presented here is especially important for
situations with high local concentrations, where ionized impurity and hole-hole interactions are
the main scattering mechanisms.  The methods presented in this paper have been used recently in
the design of new p-Ge laser structures [19].
2.5 Polar optical phonon and piezoelectric scattering in polar semiconductors
In polar semiconductor compound crystals (GaAs etc.) where the lattice lacks inversion
symmetry, elastic strain may be accompanied by macroscopic electric fields. This piezoelectric
effect provides an additional coupling between the electron (hole) and acoustic vibrations. Also,
the vibrations of oppositely charged atoms give rise to long-range macroscopic electric fields in
addition to deformation potentials. First-order polarization occurs in connection with the contrary




The theory of piezoelectric scattering for conduction electrons has been developed in
[11], but it is modified here for degenerate valence subbands, using intrasubband and
intersubband overlapfactors between light and heavy hole states. Averaged over degenerate
states rate with absorption (upper) and emission (lower) of the phonon, the rate is
( ) ( ) ( ) ( )
2 2 3
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Overlapfactors ( ), ,G k k′ν ν ′
r r
 for intrasubband and intersubband transitions are given by (67),
phonon distribution 
q
nωr is given by (56), ,kEν r  is the hole kinetic energy, q0 is a screening




















The expression under the integral defines the differential rate from the state ,kν
r
 to the state
, k′ ′ν
r
. The angular dependence of the scattering is given by
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Equations (135) must be integrated over all possible phonon states in the limits defined by
conservation laws (see Eqs. (73 – 84)). The resulting rates are plotted in Fig. 19.
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Figure 19: Piezoelectric scattering rates calculated for GaAs according to (135) with emission
and absorption of an acoustical phonon. Rates are plotted for two temperatures 10 K and 77 K,
intra- and inter-subband rates presented for both light and heavy holes. Low energy hole
scattering has been screened by the 0.1 meV energy parameter 2 2 *0 / 2q mνh  in (135) to avoid
divergence in the integral.
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Comparison of Figs. 4 and 19 shows that piezoelectric scattering of hot holes is usually much
weaker than acoustic deformation potential scattering presented above and has little impact on
light and heavy hole distributions.
Polar optical phonon scattering rate
Averaged over degenerate states (effective spin projections), the rate of intra- and inter-subband
transitions with absorption (upper) and emission (lower) of a polar optical phonon in isotropic
effective mass approximation become [5]
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In (136), ∞ε  is the high frequency dielectric permittivity of the semiconductor ( ∞ε =10.92 for
GaAs [20]). Note, the emission is only possible for initial hole energies larger than the optical-












Intra- and inter-subband scattering rates (136) calculated for GaAs are presented in Fig. 20 as a
function of hole kinetic energy. Polar optical phonon scattering with emission of a phonon is the
dominant scattering mechanism for hot holes in polar semiconductors at low temperatures.
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Figure: 20 Intra- and inter-subband polar optical phonon scattering rates with emission
(absorption) of a phonon for light and heavy holes. T = 10 K, * *0.45 , 0.082h e l em m m m= = .
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The motion of the charge between two successive scattering events is considered to obey
classical mechanics. On the other hand, the transition rates derived in the previous chapter are
determined from the quantum theory of scattering. This approach to transport theory is referred
to as quasi-particle or semiclassical. For this description to be valid, the wave packet of the
particle must have a well defined position and momentum. Reconciling this condition with the
uncertainty principle, it must be required that the momentum uncertainty ∆p be much smaller
than the particle average momentum p. Additionally, the position uncertainty ∆x must be much
less than the mean free path. For hot holes
13 14~ ~ 2 ~ ~ 10 10 s
2 5 50
p x pV E
E meV




where τ is the mean time between collisions, V is the velocity, and E is the kinetic energy. This
condition is well satisfied for all scattering processes introduced in the previous chapter (see
Figs. 4,8,10,14,19,20) except for intrasubband heavy-to-heavy and light-to-light scattering of
low-energy holes on ionized impurities (Fig. 9) and mobile holes. However, change in
momentum for these small-angle scattering events is small and they can be ignored, since only
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collisions with significant change in momentum cause effects of interest (intersubband
transitions, thermalization of holes).
Transport equation
In the presence of an external electric (Ε
r
) and magnetic (Β
r
) fields, holes continuously change
their state ,kν
r
 in subband ν according to the equation of motion
( )1 kk e E kt ν







In the semiclassical approach, the quantity of fundamental interest is the distribution function
( ), ,f k r tν
r r , since it defines all desired optical parameters of the system (optical absorption and
amplification cross sections). The equation that determines the evolution of this function is the
Boltzmann transport equation
( ) ( ) ( ) ( ), , , , | , , , ,collision rk
f k r t f k r t k rf k r t f k r t
t t t t
ν ν
ν ν
∂ ∂ ∂ ∂= − ⋅∇ − ∇
∂ ∂ ∂ ∂
r r
r rr r r rr rr r . (140)
The first term on the right hand side arises from collisions in and out of state ,kν
r
, the second
term describes the effect of external forces, and the last term is associated with diffusion and can
be omitted for bulk processes, since the distribution function is independent of position in real
space. Under steady state conditions, the left hand is equal to zero. Also, in the case of non-
degenerate semiconductors ( ), ,f k r tν
r r <<1. Obviously, equation (140) is not analytically solvable
(even for isotropic subband approximation) in the presence of all scattering processes introduced
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in the previous chapter in the two-band (light and heavy holes) model. Therefore the Monte
Carlo technique is widely used for simulation of hole dynamics in semiconductors.
3.2 Monte Carlo method
General technique
For investigation of steady-state phenomena, it is sufficient, in general, to simulate the
motion of just one particle. We may assume that a sufficiently long observation of one particle
gives information on the behavior of the entire ensemble of particles in the crystal. This so-called
one-particle Monte Carlo technique for hole dynamics in semiconductors consists of simulation
of the motion of a single “laboratory” hole through the crystal.
 Introduction of hole-hole scattering (see previous chapter) requires modification of this
method. In the modified method, one-particle simulation without hole-hole scattering is
performed during an initial “estimation” time period, usually about 10 – 50 ns, depending on the
simulation parameters. Then hole-hole scattering is included and holes colliding with the
“laboratory” hole are randomly chosen according to previously estimated distribution. Self-
relaxation of this process is used for multi-step determination of the desired hole distribution.
Convergence occurs usually after 100 – 200 relaxations with 200 – 500 ps single relaxation
period.
On its way through the crystal, the “laboratory” hole collides with phonons, impurities
and other charge carriers while reacting to the externally applied electric and magnetic fields
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during “free flight” between collisions. The selection of a particular scattering process and the
determination of the state after scattering are performed stochastically. This is done in
accordance with the scattering probability distributions that follow from the quantum mechanical
models for the various processes as was shown in the previous chapter. The basis of it all is the
generation of random numbers.
Sampling  and election of the scattering process
During hot-hole simulation of holes in semiconductors sampling is performed with






t P k′ ′ν ν ν
′ ′ν ν




jP ′ν ν  is the intra- or inter-subband transition rate (see previous chapter) for the j-th
scattering process (acoustic or optical phonon, ionized impurity, hole-hole, piezoelectric, polar
phonon), j′νΡ%  is the probability of the j-th scattering process to happen during time interval ∆ts
with transition of the hole from the subband ν to the subband ′ν . For this small sampling time all
scattering processes can be considered independent and the total probability can be approximated
by the simple algebraic sum. For hot-holes (5 – 50 meV) at low temperatures (4 – 77 K) in
lightly doped semiconductors (Ni ~ 1013 – 1015 cm-3) the required time-step is about 0.1 – 10 fs
depending on the hole energy, doping level, and semiconductor material. Integration of the hole
motion in applied fields between two scattering events (see (139)) is performed using Runge-
Kutte method with 4-th order precision. Selection between possible scattering processes j′νΡ%  is
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performed stochastically, weighting the probability of each of the scattering processes separately
from others.
For simulation of holes in isotropic and parabolic approximation (Ge and GaAs), intra-
and inter-subband scattering rates ,
jP ′ν ν  are calculated according to (73) and (80) for acoustical
phonons, (100) for optical phonons, (111) for ionized impurities, (125) for hole-hole scattering,
(134) for piezoelectric scattering (GaAs only), and (136) for polar optical phonons (GaAs only).
For simulation in Si, the full 6x6 approximation must be used and rates need to be calculated in
the full representation using (54) for acoustical phonons, (95) for optical phonons, (106) for
ionized impurities, and (123) for hole-hole scattering. The total number of scattering rates that
must be calculated is 20 in general, as shown in Table 4.
Table 4





1 Intra-subband with acoustical phonon emission AcEmLL AcEmHH
2 Inter-subband with acoustical phonon emission AcEmLH AcEmHL
3 Intra-subband with acoustical phonon absoption AcAbLL AcAbHH
4 Inter-subband with acoustical phonon absoption AcAbLH AcAbHL
5 Intra-subband with non-polar optical phonon emission OptEmLL OptEmHH
6 Inter-subband with non-polar optical phonon emission OptEmLH OptEmHL
7 Intra-subband with non-polar optical phonon absorption OptAbLL OptAbHH
8 Inter-subband with non-polar optical phonon absorption OptAbLH OptAbHL
9 Intra-subband ionized impurity IILL IIHH
10 Inter-subband ionized impurity IILH IIHL
11 Intra-subband hole-hole EELL EEHH
12 Inter-subband hole-hole EELH EEHL
13 Intra-subband with polar optical phonon emission (GaAs) PolEmLL PolEmHH
14 Inter-subband with polar optical phonon emission (GaAs) PolEmLH PolEmHL
15 Intra-subband with polar optical phonon absorption (GaAs) PolAbLL PolAbHH
16 Inter-subband with polar optical phonon absorption (GaAs) PolAbLH PolAbHL
17 Intra-subband piezoelectric with ac. phonon emission (GaAs) PzEmLL PzEmHH
18 Inter-subband piezoelectric with ac. phonon emission (GaAs) PzEmLH PzEmHL
19 Intra-subband piezoelectric with ac. phonon absorption (GaAs) PzAbLL PzAbHH
20 Inter-subband piezoelectric with ac. phonon absorption (GaAs) PzAbLH PzAbHL
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Determination of the hole state after scattering
The hole state after scattering in the isotropic and parabolic approximation for Ge and
GaAs is determined stochastically using differential scattering rates (68) for acoustical phonons,
integrand of (99) for optical phonons, (109) for ionized impurities, (126) for hole-hole scattering,
(135) for piezoelectric scattering (GaAs only). Polar optical phonon scattering in this
approximation is isotropic and the final state is defined by the conservation of energy and
momentum and density of the final states in k-space. For silicon the full representation with
anisotropy and non-parabolicity of the spectrum must be used for all processes. A flowchart of a
single step of Monte Carlo simulation is presented in Fig. 21.
Figure 21: Flowchart of a single step in Monte Carlo simulation.
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CHAPTER FOUR: INTERSUBBAND HOT HOLE FAR-INFRARED p-GE
LASER
4.1 Bulk p-Ge laser
Concept and design
At the beginning of quantum electronics it was pointed out that stimulated emission
sources using free charge carriers in semiconductors had potential. Proposals were made to
utilize non-equilibrium electrons in semiconductors for active elements at submillimeter and far-
infrared wavelengths. These propositions met the difficulty of the formation of electron
population inversion, because the scattering processes in semiconductors effectively isotropize
and Maxwellize the distributions of free charge carriers, hindering the inversion formation. The
idea of utilizing low temperature inelastic optical phonon scattering which has a threshold in
carrier energy was developed into the hot hole intersubband far-infrared p-Ge laser [7,8,12].
Typical p-Ge laser crystals in our laboratory are shown in Fig. 22. The process of fabricating
such laser crystals is not difficult, and I have made and tested some from commercial bulk Ge.
Figure 22: p-Ge laser crystals and direction of applied fields. Magnetic (electric) field is applied
longitudinally (transversely) to the crystal. The optical cavity is created by placing mirrors on the
end surfaces of the crystal.
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The inverted population grows at certain ratios of applied crossed electric and magnetic
fields at low temperatures, when light holes are accumulated on closed trajectories below the
optical phonon energy, while heavy holes undergo rapid optical phonon scattering (Fig. 23).
Figure 23: Mechanism of intersubband population inversion and far-infrared gain in p-Ge in
crossed electric and magnetic fields. The left part of the diagram shows light and heavy hole
trajectories in coordinate space. The right part of the diagram shows light- and heavy- hole
subband energies vs. momentum wavevector together with trajectories and vertical intersubband
transitions. The optical phonon threshold is indicated by the horizontal line ћω0 in both parts, and
optical phonon emission by heavy holes is indicated by wavy arrows.
Generation of THz stimulated emission on direct optical transitions between valence
subbands (see Fig. 23) for bulk p-Ge crystals in crossed electric E (1 – 3 kV/cm) and magnetic B
(1 – 2 T) at low temperatures (T < 20 K) has been investigated experimentally [7,8,12]. The
lifetime of magnetized light holes, which defines the population inversion, depends on three
major scattering processes. Acoustic phonon scattering increases with lattice temperature and
tends to thermalize the non-equilibrium hole distribution. This is one reason why p-Ge lasers
require low temperatures. More importantly, acoustic phonons contribute to lattice absorption of
THz radiation, which will be discussed below. Scattering of light holes on ionized impurities
limits the maximum acceptable concentration of acceptors, and thus the concentration of active
carriers to the level of 1~2×1014 cm-3, so that the gain has not exceeded 0.1 – 0.2 cm-1 in
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homogeneously doped p-Ge lasers (see below). Carrier-carrier collisions cause intersubband and
intrasubband scattering similar to ionized impurity scattering.
Performance conditions and tunability
Compared to other solid-state terahertz sources, namely lasers based on optically-pumped
donors in Si [21], quantum cascade lasers (QCL) [22-24], and recently proposed p-type Si/SiGe
quantum cascade lasers [25], only the p-Ge laser mechanism for generation of stimulated
emission on direct optical intersubband transitions for hot holes has potential for wide tunability




25 µm Si etalon Back mirror
Figure 24: (Left) Narrow-line spectra for p-Ge laser with different intracavity wavelength
selectors [27]. Achieved line width is 0.1 cm-1. (Right) Intracavity etalon with diffraction
structure used to select laser emission wavelength [27].
Tuning range and operation temperature of p-Ge laser are limited by two fundamental absorption
processes: phonon assisted free-carrier absorption [8,13] and lattice absorption [26] as shown in
Fig. 25. Here the latter is presented as a function of emission wavenumber for different
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temperatures. Free-carrier absorption typical for p-Ge lasers is also presented. It can be seen that
at low temperatures there is a weak absorption window in the frequency range 50 – 140 cm-1,
where operation of a low-gain system like p-Ge laser is possible. At lower (higher) frequencies
free-carrier (lattice) absorption is dominant over positive gain. Theoretical analysis of
amplification and free-carrier absorption is presented in the next chapter.































Figure 25: Far-infrared absorption in Ge. Temperature dependent lattice absorption [26] is
plotted as connected symbols, which are indicated in the legend in units of K. Free carrier
absorption for hole concentration 2x1014 cm-3 calculated for typical bulk p-Ge distribution
functions is plotted as a solid curve. The gray rectangle represents approximate operation range
and range od reported gain for the bulk p-Ge laser.
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4.2 Theoretical methods
Linear interaction of holes with radiation
An analysis of the linear regime of hole interaction with radiation allows us to determine
the conditions for amplification of the terahertz radiation and laser operation. Considering two
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where ω is the cyclic frequency of the radiation, ( )f kν
r
 is the hole distribution function in the ν-
th subband, ( )k′ννζ
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 is the dimensionless oscillator strength for the ′ν → ν  transition and ′ννΓ  is
the rate of decay of the states which are involved in the optical transition. Distribution functions
for holes are normalized according to
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where p is the hole concentration in the crystal. The absorption (amplification) coefficient α of
the hole system is determined by the imaginary part of (141)
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The two terms with ′ν ≠ ν  correspond to the direct resonant optical transitions of holes between
light and heavy subbands.
THz amplification by direct light-to heavy hole transitions
The contribution of the two ′ν ≠ ν  terms in (143) comes essentially from the transition
region, where ( ) ( )L H LHE k E k− − ω ≤ Γr r h , so
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The broadening of the direct light-to-heavy transitions generally results from hole scattering.
Estimating the net scattering rate at low temperatures (see Figs. 4,8,10,14,19,20) we can
conclude that up to liquid nitrogen temperatures and optical phonon energies ΓLH < 1012 s-1, so
the corresponding broadening of the absorption band in (144) is less than 0.7 meV. Since typical
photon energies of interest for p-Ge lasers fall in the range 6 – 20 meV, the resonant factor in
(144) can be replaced by a δ-function, which expresses the energy conservation law
( )
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To calculate ( )LH kζ
r
 for radiation polarized along i-th axis it is necessary to calculate squares of
the matrix element for the current operator, to sum these over the doubly degenerate final
effective-spin states and to average over initial effective-spin states, i. e.
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In the “warped spheres” approximation, we use Hamiltonian (40) and light and heavy hole
wavefunctions (43 – 44). Then summing (146) over the three polarizations i = x, y, z for non-
polarized radiation, we obtain the average oscillator strength [28]
( ) ( ) ( )
2 2 4 2 2 2 2 2 2 22
2 2 2
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where constants B and C can be obtained from (34) using values listed in Table 1. For p-Si it is
necessary to calculate the squares of the matrix elements in (146) using full 6x6 representation
with Hamiltonian (30), wavefunctions (39), and Table 2. An interesting feature of the direct
optical light-to-heavy subband transition is the strong dependence of the oscillator strength (147)
on the direction of the hole wavevector. This is illustrated in Fig. 26, where oscillator strength
(147) is plotted as a function of hole-motion direction in Ge and GaAs. The maximum
(minimum) values are expected for a hole moving in <100> (<111>) crystallographic directions.
Figure 26: Calculated direction dependence for intersubband optical matrix elements for Ge (left)
and GaAs (right). The <100> direction for hole motion correspond to the lobes while the <111>
directions are those of trigonal symmetry.
For amplification to take place, the coefficient (145) must be negative. Non-resonant terms in
(143) represent radiation absorption by free carriers assisted by phonons, lattice imperfections,
impurities, or mobile carriers.
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Free-carrier absorption of THz radiation
The probabilities of the acoustic and optical phonon as well as impurity assisted photon
emission and absorption by free holes are obtained from the second-order perturbation theory for
the three-particle interaction [28]. The probability of emission (absorption) of a photon by a hole
jumping from a state ,kν
r
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where Vc is the volume of the crystal, Hw2 is the square of the matrix element for hole interaction
with phonons (acoustical and optical) or ionized impurities, A0 is the amplitude of radiation
vector potential, er  is the unit vector of photon polarization, ћω is the photon energy,
*
em m mν ν= is the effective mass of the hole in the ν-th subband and Eq is the phonon energy.
Upper (lower) signs in (148) represent events with absorption (emission) of a phonon (photon).
Integrating the probabilities of three particle interactions (148) assisted by phonons and
impurities over final states and averaging over initial states (see [30]) in the isotropic subband
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ionized impurity (intra-band ′ν = ν )
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ionized impurity (inter-band ′ν ≠ ν )
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polar optical phonon(intra-band ′ν = ν ) (GaAs)
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polar optical phonon(inter-band ′ν ≠ ν ) (GaAs)
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Ξeff in (150) is defined by (62), βs in (157) is the screening parameter. Averaged over directions,
the distribution functions of holes over kinetic energy in the ν-th subband ( ),kf Eν ν  are
normalized to the total hole concentration similarly to (142)
( ) ( )*3/ 2 * 3/ 22 3
0
1 2L L H Hm f E m f E EdE p
∞
 + = π ∫h . (159)
Please note, that (149) – (156) contain dimensionless effective masses mL and mH, normalized to
electron mass (masses in (159) are “real” effective masses). Rates (149 – 152) differ from those
previously published [30] by a factor of 2 (they were overestimated in [30]). Rates (153 – 154)
are presented here for the first time. Distribution functions in (159) are small compared to unity
for lightly doped semiconductors so degeneracy factors are neglected in all formulae presented
above.
Substituting Monte Carlo simulated hole distribution functions for each of the valence
subbands into (145) and (149) – (154), electromagnetic radiation amplification and absorption
coefficients can be calculated together with conditions for possible stimulated emission in any
cubic semiconductor, where the approximation introduced above is valid.
4.3 Calculation results
Hole distribution functions and THz gain in p-Ge laser
The typical distribution functions (see (159) for normalization) of holes in each of the
subbands, calculated by Monte Carlo simulation as described above, are plotted in Fig. 27. The
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simulation parameters are electric field = 1.5 kV/cm, magnetic field = 1.2 T, lattice temperature
= 10 K, hole concentration = 1014 cm-3. Zero compensation is assumed, so that concentration of
holes equals to the concentration of ionized impurities. All scattering processes for non-polar
materials (see Chapter 2) are included in the calculations. Distribution functions in Fig. 27 were
averaged over directions of hole motion. Single particle Monte Carlo simulation has been
performed for 2065 ns and averaged. The statistical output of the Monte Carlo program is
presented in Appendix A, where the rates are shown for a single hole, and only about 13.6 % of
the holes are found to be light. According to the ratio of effective masses in Ge, the equilibrium
number is about 4 %, so we have population inversion in Fig. 27. Most of the light holes are
created in scattering events with emission of an optical phonon (OpEmHL), the rate is about 6.5
ns-1 per one heavy hole. The reverse process (OpEmLH) is weaker, because light holes are
closed on cyclotron trajectories below the optical phonon threshold 37 meV, but it is still an
























Figure 27: Population inversion between light and heavy hole subbands in bulk p-Ge with carrier
concentration 1014 cm-3. E = 1.5 kV/cm, B = 1.2 T, and T = 10K.
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Among other light-subband-depopulating mechanisms, scattering with emission of an
acoustical phonon (AcEmLH) and ionized impurity scattering (IILH) should be mentioned.
Hole-hole scattering has the same nature as ionized impurity scattering, so EELH, EEHL,
EEHH, and EELL rates have been added to II-rates. The elastic ionized impurity scattering rate
is very large, but most of the scattering events are intra-subband small-angle collisions that do
not affect hole distributions significantly (IIHL and IILH rates are small). The components of the
hole velocity allow us to calculate the direction of hole motion in the infinite crystal relative to
the applied fields. In the real systems, the direction of hole current will be also determined by the
geometry of the problem.
The calculated terahertz gain spectrum for the Fig. 27 simulated distributions is presented
in Fig. 28. Direct LH intersubband gain is calculated using (145) in the isotropic approximation
with directionally averaged oscillator strength (147). Phonon and impurity assisted free-carrier
absorption is calculated using (149) – (152) with distribution functions from Fig. 27. Up to
temperatures of 77 K and impurity concentration 1015 – 1016 cm-3, scattering of holes on optical
phonons is the dominant assisting process in free-carrier absorption of terahertz radiation [30].
The gain spectrum of the p-Ge laser is very broad as can be seen from this figure. The positive
gain occurs in the wide spectral region 50 – 200 cm-1. Its short-wavelength part ( > 140 cm-1) is
expected to be bounded by the lattice absorption (see Fig. 25), which is not included in this
graphs.
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Figure 28: Intersubband gain and free carrier absorption in bulk p-Ge with carrier concentration
1014 cm-3. E = 1.5 kV/cm, B = 1.2 T, T = 10K. Total gain is the difference between two graphs.
Optimization
The THz gain in bulk p-Ge can be optimized by varying the electric field (1 – 3 kV/cm),
the ratio of electric and magnetic fields, and the hole concentration. The optimal ratio of electric
and magnetic fields has been found to be about 1.4 kV*T-1*cm-1 [13]. Experimentally, the carrier
concentration in p-Ge laser is limited to the range 3x1013 – 3x1014 cm –3 [7,8,12], and the small
signal gain usually does not exceed ~ 0.1 cm-1 [8,12], which is smaller than germanium lattice
absorption at 50 K (Fig. 25). This bounds the operating temperature and (because of Joule
heating) the duty cycle of bulk p-Ge lasers, which usually operate below 20 K [7] and at duty
cycles < ~ 1 %. Light-subband-depopulating acoustical phonon scattering becomes very strong at
higher temperatures, decreasing the light-hole lifetime, even for those below the optical phonon
threshold, which consequently reduces the gain cross-section. One of the possible ways to
overcome strong lattice absorption of THz radiation in p-Ge at higher temperatures is to increase
the doping (carrier) concentration and thus the gain. Unfortunately, this method fails in bulk p-
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Ge, as explained in Fig. 29. Gain cross section σ strongly decrease with increase in doping
concentration N, mostly because of ionized impurity and hole-hole scattering, so that gain (= σN)
has a maximum near N = 1014 cm-3.

































Figure 29: Calculated gain cross-section and gain at 100 cm-1 frequency in bulk p-Ge vs. doping
concentration [31]. E = 1.25 kV/cm, B = 1 T, T = 10 K.
In the next chapter, I present a terahertz laser concept based on intersubband transitions
of holes under vertical transport in crossed electric E and magnetic B fields in a planar
periodically doped p-Ge/Ge structures. The device was conceived in order to minimize the effect
of impurity and hole-hole interaction for the light holes, to allow higher carrier concentrations
than are feasible in bulk, and therefore to achieve higher gain.
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CHAPTER FIVE: MULTILAYER DELTA-DOPED p/p+ GERMANIUM
LASER
5.1 Vertical transport scheme
Concept and design
As an alternative to bulk p-Ge lasers, innovative structures composed of doped and
undoped regions of p-type semiconductor (Fig. 30 (top)) were studied. The transport of light and
heavy holes is shown schematically in Fig. 30 (bottom left) in a landscape that consists of in-
plane and out-of-plane spatial abscissae and impurity concentration ordinate. Fig. 30 (bottom
right) presents the pattern of hole trajectories within one period of the structure from the actual
Monte-Carlo simulation with parameters given in the caption. Heavy holes, depicted by thin
black lines, experience streaming motion with strong optical phonon scattering. Light holes (thin
white lines) drift inside the undoped region and have a long lifetime. Hole trajectories, current
densities, impurity or optical phonon scattering events, and field directions are indicated. The
spatial period of the structure was chosen smaller than the average Larmor radius of heavy hole
trajectories in the crossed E and B fields, but larger than the average Larmor radius of light
holes. The spacing between doped layers is considered to be 300 – 500 nm, which is wider than
the average light-hole Larmor radius at 1 – 3 T applied B-fields. The design achieves spatial
separation of hole accumulation regions from the doped layers, which reduces ionized-impurity
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scattering and carrier-carrier scattering for the majority of light holes, allowing significant
increase of total carrier concentration while maintaining sufficient light-hole life time.
  
Figure 30: (Top) Multilayer p/p+ (Ge/Ge:B for example) structure. (Bottom left) Vertical
transport of holes in the delta doped structure: electric field (1 – 3 kV/cm) is applied
perpendicular to the doped layers while the magnetic field (1 – 2 T) is in-plane. Light holes are
magnetized on closed cyclotron orbits below the optical phonon energy and have a long lifetime
in the undoped region. Heavy holes experience strong ionized impurity scattering inside the
doped layers (open circle) and cause optical phonon emission (open star and zig-zag arrow).
(Reprinted from [33]). (Bottom right) MonteCarlo simulated hole trajectories within one period
of the delta-doped structure in crossed electric and magnetic fields. E = 2.5 kV/cm, B = 2 T, d =
400 nm, T = 10 K, average hole concentration 8 x 1014 cm-3. White trajectories represent light
holes, black trajectories represent heavy holes. Black dots are impurity centers.
Obviously, we can not prevent heavy holes from entering undoped gaps together with
light holes, so hole-hole interaction becomes the primary scattering mechanism for light-holes.
However, as we showed in [19], the inversion-destroying light-to-heavy non-radiative transition
rate mediated by hole-hole scattering is significantly lower than that for ionized impurities.
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Moreover, as will be shown below, the distribution of heavy holes has a minimum in the
undoped regions, so scattering of light holes on heavy holes is suppressed in these regions. These
factors allow the average carrier concentration to be increased by ~ 10x, giving a gain increase of
~ 4 – 5x, compared to bulk p-Ge lasers [31,32]. Calculated optimal average carrier concentration
is about 5 – 8 x 1014 cm-3 (see below).
Potential and hole distribution
The Monte Carlo code was specially written to allow spatially varying impurity and hole-
hole scattering probabilities for simulation of carrier dynamics with stratified parameters (Fig.
30). In order to solve the problem self-consistently, taking into account internal electric fields
caused by charge separation, infinite charged planes are assumed, which is well justified by the
structure geometry. The redistribution of space charge, which we find to become important at
average concentrations above 1014 cm-3, is included as an additional “internal” electric field Eint.
Iteration determines the self-consistent solution of the Poisson equation and thereof the spatial
carrier distribution and potential profile. The total electric field across the structure is given by E
= -∂ϕ/∂x = Eint + Eappl, where Eappl is the applied external field, and ϕ is electric potential. For any
distribution of holes p(x) and negatively charged acceptor impurity centers N(x), the internal
electric field along the period of the structure d is
int 0
0 0
( ) ( ( ) ( ))
xeE x E p x N x dx= + −
εε ∫ .          (160)
Due to periodicity and total neutrality of the crystal
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     Eint(x) = Eint(x + d),  (161)
and




E x =∫ .      (162)
For these particular simulations we assumed zero compensation, so that all introduced doping
centers are shallow acceptors.
For detailed investigation of the novel concept, a structure with d = 400 nm period and
average carrier concentration Nav = 8 x 1014 cm-3 was considered at a lattice temperature of 10 K.
Vertical electric field 2.5 kV/cm and in-plane magnetic field 2 T were applied as shown in Fig.
30. The resulting self-consistent potential surface is plotted in Fig. 31. No potential well appears
near the doped layers, so that both light and heavy holes are free to move into the undoped
regions.
Figure 31: Self-consistent potential profile for vertical transport scheme. Nav= 8 x 1014 cm-3, d =
400 nm, E = 2.5 kv/cm, B = 2 T, T = 10K. (Reprinted from [33]).
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Calculated concentration distribution of light and heavy holes is plotted in Fig. 32 for two
structure periods together with the doping profile. Light holes have a maximum in the undoped
regions. The heavy hole distribution peaks near doped layers. Because of the ~ 23 times higher
density of states in the heavy hole subband, such a hole distribution represents a population
inversion, even though the absolute number of light holes is less than the number of heavy holes.
As mentioned above, the equilibrium fraction of light holes would be just ~ 4 %.






















Figure 32: Acceptor, light-, and heavy-hole concentration distribution for vertical transport
(Nav = 8 x 1014 cm-3, d = 400 nm, E = 2.5 kV/cm, B = 2 T, T = 10 K). (Reprinted from [33]).
Fig. 33 presents calculated light- and heavy-hole energy distributions in the multilayer
delta-doped Ge structure as a function of space coordinate. Calculated energy-spatial distribution
of light (upper band) and heavy (lower band) holes are presented in units of 1012 cm-3 meV-1.
Spatial dependence of the zero-energy edge of the hole distribution reflects the self-consistent
potential profile. The spatial separation of light and heavy holes across the structure period for
transport in E B×
r r
 fields is revealed in the Fig. 33 density map of the distributions. Heavy-holes
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are preferably concentrated near the doped layers and scatter mostly on optical phonons (37
meV) and ionized impurities. Meanwhile, light holes accumulate below the optical phonon
energy without optical phonon scattering. Moreover, their distribution function is maximum in
undoped regions, where ionized impurity and carrier-carrier scattering rates are suppressed.
Figure 33: Spatial separation of carriers and intersubband mechanism of THz amplification in
delta-doped multiplayer Ge structures in E B×
r r
 fields. Dark areas represent high concentrations
of light holes (upper band) and heavy holes (lower band). The shading scale is in units of 1012
cm-3 meV-1. Spatial dependence of the zero-energy edge of the hole distribution reflects the self-
consistent potential profile. Acceptor concentration profile NA and total hole concentration p
across the structure are plotted in units of 1015 cm-3. Simulation parameters were E = 1.5 kV/cm,
B = 1.15 T, T = 10 K and Nav = 8 x 1014 cm-3. Schematic light and heavy hole cyclotron
trajectories are drawn to scale in coordinate space. (Reprinted from [19]).
Although impurity scattering has been eliminated from the light-hole accumulation regions of
our device, hole-hole scattering remains, and this is the primary scattering mechanism
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responsible for the light hole life time and thus for the final performance of the device. The total
light-to-heavy intersubband scattering rates on carriers and impurities are compared in Fig. 34 as
a function of the scattering center concentration for two different values of light hole kinetic
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Figure 34: Carrier-carrier and ionized impurity scattering rates for the light-to-heavy hole non-
radiative intersubband transition averaged over typical p-Ge laser light- and heavy-hole
distribution functions (E = 1.5 kV/cm, B = 1.1 T, T = 10 K) vs. scattering center concentration.
Values in the legend indicate initial light hole kinetic energy in meV. (Reprinted from [19]).
Fig. 34 reveals that hole-hole intersubband scattering rates are consistently lower than
those for ionized impurity scattering. Elimination of impurity scattering from light-hole
accumulation regions, and the comparatively ineffective light-to heavy band relaxation caused by
hole-hole interaction, permit more than a factor 2 increase in carrier density in comparison with
the bulk p-Ge laser. The suppressed heavy hole concentration in these undoped regions, revealed
in Fig. 34, favors even further concentration increase and a corresponding increase in gain.
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Terahertz gain calculation
Figs. 35 presents calculated gain spectra for the same concentration but two different
applied field conditions. The average carrier concentration chosen is already about a factor of 10
larger than usual for bulk p-Ge lasers.
Figure 35: Spatial-spectral gain distribution across two structure periods with Nav = 8 x 1014 cm-3
for (left) low applied fields (E = 1.5 kV/cm, B = 1.15 T), (right) high applied fields (E = 2.5
kV/cm, B = 2 T). Simulation temperatures are indicated. (Reprinted from [19]).
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Spatially averaged total gain spectra at 10 and 50 K for the two applied field conditions
of Fig. 35 are presented in Fig. 36 together with lattice absorption spectra [26]. Gain values of
0.5 to 0.7 cm-1 in the spectral range 60 – 140 cm-1 exceed the maximum lattice absorption at 10
K by a factor 5 to 7. At T = 50 K peak gain (0.15 – 0.2 cm-1) still exceeds absorption for the
higher fields. Additional calculations at even higher fields (E ~ 3 kV/cm, B ~ 3 T), shorter period
(d ~ 200 nm), and higher concentrations (Nav ~ 1 – 2 x 1015 cm-3) suggest sufficient gain for 77 K
laser operation. Note that at these magnetic fields and structure periods, the classical approach in
the simulations becomes limited due to Landau quantization considerations. However, as was
shown previously [34], the spectrally smooth small signal gain calculated in the classical
approach is in good agreement with the spectrally averaged gain calculated in a quantum
approach.
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Figure 36: Spatially-averaged calculated THz gain spectra (open symbols) with Nav = 8 x 1014
cm-3 for low (E = 1.5 kV/cm, B = 1.15 T) and high (E = 2.5 kV/cm, B = 2 T) applied fields at
two different lattice temperatures. Experimental lattice absorption spectra7 in Ge at T = 10 K and
50 K are plotted as solid symbols. (Reprinted from [19]).
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Optimization of the structure
Fig. 37 presents the dependence of the spatially-averaged gain at different wavenumbers
as a function of the structure period for fixed fractional thickness of the doped layers (0.1d). The
optimum period is found to be in the range 300 – 500 nm, depending on the generated optical
transition wavenumber. Gain calculated for bulk p-Ge with the same applied fields and
concentration is also presented for comparison. The gain for the structure tends toward the bulk
values as the period goes to zero.
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Figure 37: Spatially averaged gain vs. structure period. The legend gives the transition
wavenumber for each curve in units of cm-1. E = 2.25 kV/cm, B = 1.5 T, T = 10 K and Nav = 5 x
1014 cm-3. (Reprinted from [19]).
Fig. 38 shows the dependence of the gain spectrum on the electric field at fixed magnetic
field. The optimal ratio is found to be about 1.5 kV/(cmT) at B = 1.5 T, which is very close to the
optimal field ratio in the bulk p-Ge laser [8]. Note also the shift of the peak toward higher
wavenumber as the electric field is increased, which occurs also in bulk p-Ge lasers [8].
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Figure 38: Spatially averaged gain spectra for different electric fields at fixed magnetic field for
the structure with period 400 nm, Nav = 5 x 1014 cm-3, T = 10 K, B = 1.5 T. The legend gives the
electric field value for each curve in kV/cm. (Reprinted from [19]).
In the next section I present an alternative configuration of the intersubband THz laser on
delta-doped multi-layer Ge thin films, in which the transport is predominantly in-plane. Spatial
separation of light and heavy hole streams is achieved, but with significantly larger carrier
concentrations than possible for vertical transport, which allows much higher gain.
5.2 In-plane transport scheme
Concept and design
An alternative transport configuration for an active delta-doped structure, which achieves
spatial separation of light holes from both impurity and heavy holesas in the previous section, is
presented in Fig. 39 (left). The magnetic field is oriented along the layers as before, but
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orientation of the electric field is chosen to keep the heavy hole current Jh within the doped
layers. Light holes move across the doped layers due to the drift in the direction perpendicular to
both applied electric and magnetic fields. The structure period is chosen to be roughly equal to
the average light hole free path at 10 K for the applied fields. The average carrier concentration
is 1 – 2 x 1015 cm-3.
Figure 39: (Left) In-plane transport of carriers in periodically delta-doped p-type germanium
structures in crossed electric and magnetic fields. Surfaces indicate the periodic doping profile.
Electric (2 – 3 kV/cm) and magnetic (~ 2 T) fields, applied as shown, provide a strong current of
heavy holes Jh along heavily doped layers with intense ionized impurity and phonon scattering
(shown as open circles and stars). Light holes are pulled from the layers by the fields and have
component of current Jl across the layers. These light holes have a long lifetime in the undoped
regions, and their trajectories are defined by the self-consistent build-in electric field. (Right)
MonteCarlo simulated hole trajectories within one period of the delta-doped structure in crossed
electric and magnetic fields. E = 3 kV/cm, B = 2 T, d= 2000 nm, and average hole concentration
= 1.5 x 1015 cm-3. White trajectories represent light holes, black trajectories represent heavy
holes. Black dots are impurity centers. (Reprinted in [35]).
The right part of Fig. 39 presents the pattern of hole trajectories within one period of the
structure from the actual Monte-Carlo simulation with parameters given in the caption. Heavy
holes are depicted by thin black lines, which tend to flow downward along, and be concentrated
within, the doped layers. Light holes (thin white lines) drift across the undoped region. On this
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scale, the cyclotron orbits of heavy holes are just visible while those of light holes are smaller
than the drift lines. The reason for smooth bending of light hole trajectories, clearly visible in the
right part of Fig. 39, is the non-uniform distribution of the electric potential across the structure.
Potential and hole distribution
The calculated electric potential surface is presented in Fig. 40. In the given applied fields
(Fig. 39) and in the presence of optical phonon scattering, heavy holes experience streaming
motion along the doped layers. Because light holes are free from inelastic optical phonon
scattering, they more rapidly gain a significant vertical component of E B×
r r
 drift velocity. Thus,
light holes enter the undoped regions in higher absolute numbers than do heavy holes.
Figure 40: Self-consistent potential profile calculated for the same parameters as Fig. 39 (right).
(Reprinted from [35]).
Resulting light and heavy hole concentration distributions are shown in Fig. 41 together
with the doping profile for a structure with average carrier concentration 1.5 x 1015 cm-3 and d =
2000 nm. In the center of the undoped regions, the concentration of light holes exceeds that of
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heavy holes. Considering the much higher density of states in the heavy hole band, this then
represents a very highly inverted population in such regions of the crystal. The heavy holes
moving along the doped layers create strong negative inversion in these regions. The
concentration peak of light holes inside the doped layers represents light holes that transition to
the heavy-hole band before escaping to the undoped regions. These light holes partially
compensate the negative inversion inside the doped layers created by the heavy holes.





















Figure 41: Distribution of light and heavy hole concentrations across the structure. Most of the
heavy holes are concentrated in the vicinity of the doped layers, light holes have much higher
concentration in the undoped regions than heavy holes. (Reprinted from [35]).
Gain calculation
Fig. 42 presents the spatial-spectral gain distribution calculated with the same parameters
as Figs. 40 – 41. Gain is shown as a function of optical transition wavenumber and vertical
distance in the structures. Heavy black contours indicate the intersection of the gain surface with
the zero-gain level. The gain surface has strong broad amplification bands in the undoped
regions and narrow but strong absorption regions near the doped layers. The gain surface follows
the carrier distribution in Fig. 41. Free carrier absorption has been included in Fig. 42. In contrast
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to Fig. 35 (for vertical transport), regions of the structure in the vicinity of the heavily doped
layers are strongly absorbing but very thin compared to the total structure period.
Figure 42: Spatial-spectral gain distribution across two structure periods (Nav = 1.5 x 1015 cm-3, d
= 2000 nm, E = 2.5 kV/cm, B = 2 T, T = 10 K) with free carrier absorption included. (Reprinted
from [35]).
The spatially averaged net gain in the structure is presented in Fig. 43. Results with and
without free carrier absorption are presented. Even with free carrier absorption, the gain at 100
cm-1 of nearly 1 cm-1 exceeds that in usual bulk p-Ge lasers by a factor of about 10.





















Figure 43: Calculated spatially averaged terahertz gain α in the structure with parameters as for
Figs. 40 – 42. The net curve α-β includes the free carrier absorption coefficient β. (Reprinted
from [35]).
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5.3 Comparison of two schemes
Both transport schemes presented in the previous two sections provide a significant
increase in the gain for the multiplayer delta-doped p/p+ germanium structures compared to the
bulk p-Ge crystal. Nevertheless, each of these schemes has its own unique features, which will
be explained in this section.
Spatially averaged gain spectra for the two schemes at T = 10 K are presented in Fig. 44
for comparison. The net-gain curves peak around 100 µm wavelength. Gain is positive in a very
broad spectral range (60 – 180 cm-1), but high frequency tunability is expected to be limited by
lattice absorption [26]. As can be seen from this figure, the in-plane transport scheme is expected
to provide higher gain at low temperatures than vertical transport scheme.

























Figure 44: Spatially averaged gain spectra for two transport schemes. Open symbols indicate
intersubband gain α, solid symbols represent net gain with free-carrier absorption β included.
The curves are plotted from the surfaces in Figs. 36 and 43. (Reprinted from [33]).
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Fig. 45 presents the dependence of the gain on lattice temperature for both transport
schemes. Two different structure periods are considered for in-plane transport. Comparison of
the gain in both schemes is made with experimental germanium lattice absorption [26]. The in-
plane scheme provides higher gain below 30 K compared to the vertical transport scheme
because of the large mean free path of the light hole at these temperatures, so in-plane transport
scheme is a preferable design for high-gain low-temperature systems.







 In-plane (2 µm)
 In-plane (1 µm)











Figure 45: Spatially averaged gain at 100 µm wavelength as a function of lattice temperature for
structures with vertical- (400 nm period) and in-plane transport. The legend indicates the
structure period. Experimental germanium lattice absorption from [26] is presented for
comparison. (Reprinted from [33]).
From Figs. 30 and 39 it can be inferred that the optimal period of the structure with in-
plane transport should equal the mean free path of light holes. A smaller period would allow
light holes to cross the undoped region and scatter on impurities in the next layer. Moreover,
smaller period allows relatively more frequent interaction between light and heavy holes. A
larger period would increase the relative thickness of the absorbing regions near the doped
layers. At higher temperatures (and higher doping concentrations), the mean free path decreases.
97
This decreases the optimal period of the structure, which can be seen in Fig. 6 as the crossing of
the 1 and 2 µm curves near 40 K. For the case of vertical transport the optimal period of the
structure is defined by the average Larmor radius of holes and depends less strongly on light hole
mean free path. This makes the vertical transport option more attractive for operation at higher
lattice temperatures (see Fig. 45).
5.4 Growth feasibility
Terahertz quantum cascade lasers (QCL) have achieved continuous-wave (CW) output
and operation temperatures above liquid nitrogen via a design with extreme tolerances of
quantum-well and barrier thicknesses [22 – 24]. This has required growth by molecular beam
epitaxy (MBE), which limits QCL active layer thickness to ~ 10 µm. This is less than the
generated wavelength, requiring complex and lossy cavity solutions. The novel epitaxial
germanium structures described above do not require such extreme growth tolerances and can be
grown by chemical vapor deposition (CVD).
For initial experimental feasibility study, Ge:B delta-doped structures were grown by CVD. The
CVD method is based on hydride epitaxy, in which Ge layers are formed by the pyrolysis of
germane (GeH4) gas on heated substrates. The setup for gas hydride epitaxy of pure and doped
Ge layers was developed at the Physico-Technical Research Institute at Nizhny Novgorod State
University. It features a water-cooled horizontal type reactor with straight-channel carbon
heater. A mixture of hydrides and hydrogen is fed into one side of the reactor and exhaust gases
are removed from the other side. The substrate temperature is controlled by an electro-optical
transformer for a temperature range 500 – 850 C. Automatic regulation of gas flow by PC-
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controlled electromagnetic valves allows the growth of multi layer structures with complex
concentration profiles. For layer thickness measurements, a microanalytical balance with 0.01 –
0.1 mg accuracy is used, which gives thickness accuracy of 2 – 20 nm for 35 mm substrates.
Germane, like all other hydrides, is a gas, which at normal conditions is far from saturation. The
secondary product of thermal depletion is H2, which is the same as the carrier-gas used. The
germane used is highly purified, such that crystals grown from it should have a concentration of
electronically active impurities below 1013 cm-3. For boron acceptor doping, another hydride
B2H6 is used. Relatively low growth temperatures in the range 600 – 750 C prevent significant
diffusion of the doping concentration profiles. The growth speed, 0.5 µm per minute, is very high
compared with ~1 µm per hour for MBE.
Several selectively doped Ge:B test structures of different thickness (11 – 32 µm) have
been grown, although the peak concentration of these initial test structure was higher than the
optimal value required for gain. Fig. 46 (left) shows Secondary Ion Mass Spectrometer (SIMS)
data taken from one of the test structures, which consisted of 35 periods with a total thickness of
14 µm. The linear SIMS spectrum in Fig. 46 (right) shows more clearly the achieved doping
profile. Diffusion of acceptors from doped layers during CVD growth is observed to be
insignificant.
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Figure 46: (Left) Semi-logarithmic SIMS spectrum of boron for the first 7 periods of a CVD-
grown 35 period p-Ge/Ge structure. The intentional high boron concentration on the surface is
intended as a contact layer. (Right) Linear SIMS spectrum of the first period of the structure to
determine the impurity diffusion profile. (Reprinted from [19]).
According to our calculations, the pure Ge regions require an ionized impurity
concentration below 3 – 5 x 1013 cm-3, since the amplification cross section starts to decrease at
higher concentrations due to ionized impurity scattering [14]. That this is achievable by CVD
was verified by electron beam induced current (EBIC) measurements [36], which determine the
minority carrier diffusion length, a function of impurity concentration. Diffusion length for an
undoped CVD Ge sample was compared to a calibration curve obtained using bulk Ge standards,
and the net impurity concentration was found to be about 1013 cm-3.
High resolution transmission electron micrographs revealed no evidence of defects or
dislocations at the interface between CVD Ge film and Ge substrate [32,37]. Fig. 47 presents a
TEM image of a CVD germanium test sample to show the high quality of grown films. Hence,
the growth test demonstrated feasibility of our setup to grow the considered delta doped Ge
structures to relatively high thicknesses without negative effect on the crystal or structure quality.
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Figure 47:  HRTEM image of within 10 µm thick pure CVD-grown germanium on p-Ge
substrate. This and similar pictures were taken spanning the expected epilayer/substrate interface
~ 10 µm below the wafer surface. The white stripe representa a 2 nm length scale. No defects or
dislocations were seen within the lattice of the crystal, indicating the high crystal quality of the
CVD Ge epilayers.
5.5 Conclusion
Elimination of ionized impurity scattering and reduction of heavy hole scattering in the
undoped accumulation regions allow considerable increase in average carrier concentration for
the structure over bulk, with a corresponding increase in the gain. Higher gain permits smaller,
planar active volume (which facilitates cooling) and lower electric-field threshold (which lowers
Joule heating).  This leads to higher achievable duty cycle and perhaps to continuous wave
operation.  Positive total gain at 50 to 77 K will permit operation in a compact Stirling
refrigerator or in liquid nitrogen.
The simplicity of the considered structure allows fast growth by chemical vapor
deposition, which can achieve a significantly thicker active region compared to MBE-grown
QCL. In favor of increased thickness for homoepitaxial structures is the absence of
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heterointerfaces and stress between layers. In support of these assertions we demonstrated
experimentally that CVD can produce thick ( > 30 µm ) multi-layer delta-doped Ge structures
with sufficiently sharp doping profiles, sufficiently pure undoped regions, and high crystal
quality. This allows quasi-optical electrodynamic cavity design with remarkably reduced losses
compared to double-metal or plasma waveguides that have been used for the comparatively thin
QCL THz lasers. Small electrodynamic losses will allow the delta-doped multilayer Ge laser to
operate with THz gain levels of 0.4 – 0.5 cm-1. Absence of confinement quantization of the
energy spectrum will permit wide tunability over the very broad spectral range 60 – 140 cm-1
(Figs. 37 and 44).
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CHAPTER SIX: TERAHERTZ AMPLIFICATION IN p-GaAs AND p-Si
6.1 Bulk p-GaAs
GaAs is a potential active medium for hot-hole THz lasers. Monte Carlo simulations have
shown that bulk uniformily-doped GaAs should have acceptable performance [38]. However,
due to doubled (see below) impurity scattering rate (a consequence of lower dielectric constant)
in GaAs relative to Ge, THz gain in p-GaAs devices is expected to be lower than in the well-
established p-Ge lasers. Compared with Ge, GaAs has additional factors of polar optical phonon
and acoustic piezoelectric phonon scattering processes. The latter is usually unimportant (see
below), but the polar optical phonon scattering has a significant role. Some first Monte Carlo
simulation results for bulk GaAs, obtained by me, illustrate these features.
The statistical output of Monte Carlo simulation performed for p-GaAs in crossed electric
and magnetic fields is shown in Appendix B. The simulation parameters are the same as for Ge
(presented in Appendix A): E = 1.5 kV/cm, B = 1.2 T, T = 10 K, p = 1014 cm-3. The total number
of light holes accumulated is about 21.4 %, while the equilibrium concentration is only ~ 7.2 %,
so the system is inverted. Strong intersubband (heavy-to-light) polar-optical phonon scattering
(PolEmHL) populates the light hole subband. In contrast to non-polar optical phonon scattering
(see Fig. 8), most of these scattering events occurs right beyond the sharp energy threshold for
polar-phonon scattering (see Fig. 20). As a result, after emission of an optical phonon light holes
are created with very small kinetic energy. These slow holes experience very strong ionized
impurity and hole-hole scattering (added to ionized impurity rates) (see Fig. 10), which is
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enhanced in GaAs compared to Ge (see (111)), because of the smaller relative permittivity εr =
12.9 (GaAs), εr = 16.0 (Ge). Of course, these holes are quickly accelerated by applied electric
field, but they return to the low-energy range on each loop of cyclotron trajectory. The ionized
impurity scattering is the dominant light-subband-depopulating mechanism (see IILH rates).
Similarly, ionized impurity scattering of heavy holes (IIHH and IIHL) is also much stronger in
GaAs compared to Ge. Acoustic deformation potential scattering rates (AcEm and AcAb) in
GaAs are similar to rates in Ge. Piezoelectric scattering is weak and can be neglected. To reduce
the effect of ionized impurity scattering for light holes in GaAs, the magnitude of the applied
fields must be increased.
For direct comparison of the scattering effects, the distribution functions averaged over
directions are plotted in Fig. 48 for both materials in strong crossed electric (E = 4 kV/cm) and
magnetic (B = 3 T) fields at T = 20 K for carrier concentration p = 2.5x1014 cm-3.
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Figure 48: Calculated distribution functions of light and heavy holes in Ge and GaAs. E = 4
kV/cm, B = 3 T, T = 20 K, and p = 2.5x1014 cm-3.
The hole distribution for GaAs is shifted into the low-energy region by the sharp
threshold in polar optical phonon scattering described above. Direct LH transition amplification
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and free-carrier absorption calculated for bulk p-GaAs are presented in Fig. 49. The simulation
parameters have been optimized to achieve maximum gain. They are E = 4 kV/cm, B = 3.5 T, T
= 10K, p = 2x1014 cm-3. The total gain is smaller for GaAs than for Ge (see Fig. 28), despite the
much higher applied fields and twice higher hole concentration. (Fields need to be increased over
those for Ge, in principle, to achieve any positive gain in GaAs). One reasons for this is the
almost twice smaller oscillator strength for GaAs (see Fig. 26). A second reason is stronger free
carrier absorption, which arises because phonon scattering rates are higher (see Appendix B) and
because the inversion between light and heavy hole subbands is shifted to a low energy range
(see Fig. 48). Compared with Ge, direct LH amplification in GaAs peaks at lower wavenumbers,
as suggested by the distribution functions Fig. 48. As has been shown previously [38], the
optimal ratio of fields and their magnitudes must be different for the two materials, and the gain
in GaAs can be increased by applying higher electric (~ 8 kV/cm) and magnetic (~ 7 T) fields,
although the validity of classical approach for Monte Carlo simulation under these extreme
conditions becomes questionable.





















Figure 49: Calculated intersubband gain and free carrier absorption in bulk p-GaAs with carrier
concentration 2x1014 cm-3. E = 4 kV/cm, B = 3.5 T, and T = 10K. The total gain (smooth curve)
is the difference between two curves with symbols.
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Performance of p-GaAs hot-hole lasers would be improved by the periodic doping scheme,
suggested in the previous chapter for germanium, by which impurity scattering is eliminated
from the active region. The same device concept with vertical transport can be applied directly to
GaAs.
6.2 Multilayer p-GaAs/GaAs structures
Overview and gain estimations
GaAs is an attractive material for use in hot hole THz lasers due to the potential for
periodically-doped multi-layer stacks with thicknesses greater than 800 µm. We expect superior
performance for such a laser relative to one using Ge. For instance, a free-standing 800 µm thick
active crystal would have losses well below 0.1 cm-1, which would allow laser action even with
very low gain. Single crystal GaAs is known from our intracavity laser absorption experiments to
have low THz loss [39]. Here, mm-thick slabs of GaAs were placed inside the cavity of a p-Ge
laser, which itself has low gain at the level of 0.01-0.1 cm-1. This passive GaAs had no effect on
the p-Ge laser performance.
The proposed p-GaAs/GaAs multilayer device would have the additional advantage over
MBE-grown AlGaAs-GaAs quantum cascade lasers by being tunable over a wide range (1-4
THz). This is due to the inherently broad gain bandwidth of the intervalence band mechanism.
QCLs may be temperature tuned by at most 1 cm-1. In the proposed delta-doped GaAs structures
the desired variations in the concentrations of light and heavy holes over the doping period will
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be more pronounced than in Ge devices due to polar optical phonon scattering. The result will be
a comparatively high concentration of light holes in the undoped layers.
The structure with doping period d = 200 nm (20% doped, 80% undoped), and average
carrier concentration 2x1014 cm-3 has been used for preliminary gain estimations. The electric
and magnetic fields are 4 kV/cm and 3.5 T, respectively, and the lattice temperature is 10 K.
Calculated spatial distribution of light and heavy holes across two structure periods is shown in
Fig. 50.



















Figure 50: Distribution of light and heavy hole concentrations across the structure. Most of the
light holes are concentrated in the gap between two doped layers. E = 4 kV/cm, B = 3.5 T, d =
200 nm, Nav = 2x1014 cm-3.
 The resulting spatial-spectral gain distribution is shown in Fig. 51. Strong inversion is
observed in the gaps of undoped GaAs. The doped layers are absorbing.
The spatially averaged net gain in the structure is presented in Fig. 52. Compared to Fig.
49 for bulk p-GaAs the gain is approximately twice higher. The gain spectrum is ~ 50 – 150 cm-1
wide, but this will be modified by the lattice absorption (not include in the calculations). Please
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note that all simulation parameters were kept the same as in Fig. 49 (fields, average
concentration, temperature) except doping profile, so the observed improvement is a purely
effect of the selective doping. Additionally, separation of light holes from the doped layers
allows significant increase in the average doping concentration and therefore an even stronger
increase in the gain compared with bulk p-GaAs.
Figure 51: Spatial-spectral gain distribution across two structure periods (Nav = 2 x 1014 cm-3, d =
200 nm, E  = 4 kV/cm, B = 3.5 T, T = 10 K) with free carrier absorption included.



















Figure 52: Calculated spatially averaged terahertz gain α in the structure with parameters as for




Thick epitaxial GaAs is possible by hydride vapor phase epitaxy (HVPE), which can
achieve much faster growth rates than the more widespread GaAs epitaxial growth methods
(molecular beam epitaxy or organometallic vapor phase epitaxy). The growth rates have been
demonstrated well above 100 µm/hr for homoepitaxial GaAs via HVPE in a custom-built reactor
at the Air Force Research Lab Hanscom AFB [40].  The system consists of a horizontal quartz
tube, heated by a three-zone furnace and sealed to allow low pressure operation in the range of 1
to 5 torr. HCl vapor passing over a liquid Ga source reacts to form GaCl, which is transported to
the substrate. Arsenic is supplied in the form of arsine (AsH3), which decomposes on the surface.
Both the Ga source and the substrate are heated to temperatures in the range of 650 to 750˚C; the
temperature gradient along the tube drives GaCl formation at the source and GaAs deposition on
the substrate. The growth rate can be controlled by varying the vapor supersaturation – i.e.,
increasing or decreasing the partial pressures of the reactants with respect to their equilibrium
values alters the tendency toward growth or etching of GaAs. This control allows us to achieve
very rapid epitaxial growth rates, making the growth of periodically-doped multi-layer stacks of
thicknesses of at least 800 µm feasible.
6.3 Possibilities of terahertz amplification in silicon
We now consider the possibility of inter-valence-band mechanisms of population
inversion and stimulated emission in p-type silicon. When implemented, this would be the first
crystalline-Si electrically-excited laser at any wavelength. This device differs from prior THz
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laser approaches because it is not a cascade and does not use transitions between impurity levels.
Silicon has a number of potential advantages over germanium. The Debye frequency for Si (448
cm-1) is much higher than that of Ge (260 cm-1). Hence, the density of states function for
phonons in Si is shifted toward higher energy relative to Ge, and the region of high optical
transparency at finite temperatures, where multiphonon absorption competes with gain, is
similarly shifted to higher energies. Thus Si has high transparency up to 10 THz (333 cm-1),
while Ge (Fig. 25) becomes too strongly absorbing to sustain intersubband lasing already at 4.2
THz (140 cm-1). The experimental temperature-dependent absorption spectrum of Si [41]
supports this claim. An additional feature observed is that the temperature dependence of the
absorption in Si is weaker, so that Si remains highly transparent even at 78 K, in stark contrast to
Ge (Fig. 25). Previous attempts to achieve lasing in p-Si have achieved spontaneous emission
from population-inverted hot holes on intersubband transitions [42], but lasing has been elusive
due to a number of complications. The orientation of the applied fields is much more critical for
Si than for Ge because the silicon valence band is strongly anisotropic (see Fig. 1). As has been
shown in Chapter 1, the strong anisotropy is due to mixing with the split-off band, which cannot
be ignored (as often done for Ge), because the 63 meV optical phonon limit to carrier kinetic
energy exceeds the spin-orbit splitting (44 meV). Calculations of accumulation volume in
momentum space [43] and Monte Carlo calculations of distribution functions [13] have
identified a number of promising field orientations. Quantum mechanical calculations [44] and
the only experiment performed to date [42] have considered only one of these. Thus, neither
theoretical nor experimental possibilities have been sufficiently explored in the quest for lasing
in bulk p-Si. The pumping mechanism for inter-valence-band mechanisms is as described in Fig.
23 with strong dependence on optical phonon scattering. The anisotropy in optical phonon
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scattering, for the first time revealed in the section 2.2 (see Fig. 6) of this dissertation should be
included in future theoretical investigations of hot-hole p-Si lasers, in order to intelligently
choose the field orientations for experiments.
Acoustic phonon scattering is a detrimental process that disrupts the required anistropic
hole distributions. Acoustic phonon scattering rates are proportional to fundamental deformation
potentials, temperature dependent phonon populations, and the density of final states for
scattered holes. Fig. 53 compares the density of hole states as a function of heavy-hole energy for
Si and Ge in the fully anisotropic band approximation (see [32] and [39] for spectrum and
wavefunctions). The density of states is significantly higher in Si. The ratio to the density of
states for Ge increases with energy from 2 to 3. Ignoring differences in deformation potentials
and phonon populations, the Fig. 53 result suggests that acoustic phonon scattering will be
stronger in Si. This is supported by calculations of drift velocity for Si and Ge at 77 K in 1
kV/cm applied fields, which shows a slower value for Si by the factor 2.2 [45].
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Figure 53: Density of heavy hole states for Si and Ge vs. hole energy and their ratio. (Reprinted
from [27]).
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The anisotropic angular distribution of light and heavy holes in p-Si under crossed
electric and magnetic fields, calculated with fully anisotropic Monte Carlo simulation, is
presented in Fig. 54. Simulation parameters are indicated in the caption. Strong anisotropy of the
hot (67 meV) heavy hole distribution is observed.
Figure 54: Angular distribution of heavy (upper) and light (lower) holes in crossed electric and
magnetic fields simulated for p-Si. Left and right parts represent slow (17 meV) and fast (67
meV) holes. Simulation parameters E<100> = 2 kV/cm, B<001> = 1.5 kV/cm, p = 2x1014 cm-3, and
T = 10 K. Angles θ and φ are usual spherical coordinate system angles (kx = k sinθ cosφ, ky = k
sinθ sinφ, kz = k cosθ).
Another challenge for Si is that the acceptor impurity levels are relatively deep in Si
compared with Ge. Carriers bound at low temperature to doping levels can be liberated by a
variety of effects in an applied E-field. These are shallow impurity impact ionization, Frenkel-
Poole effect, tunneling, and phonon-assisted tunneling. The emission rate at 1 kV/cm and 20 K
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by the Frenkel-Poole effect is only 1000/s, i.e. millisecond emission time constants [46]. By
phonon assisted tunneling, the emission rate is only 10/s, and it is much less than 1/s for straight
tunneling. Thus, only the mechanism of impact ionization has potential to generate the required
hole population of ~1014 cm-3 within the ~100 ns rise time of the ~1 kV/cm excitation pulse
applied to the proposed p-Si hot hole laser.
Boron is the best p-type dopant, because its 45 meV ionization energy is the smallest for
acceptor impurities in Si. The only concentration value that has been explored experimentally
[42] was 5 x 1015 cm-3, which is 2 orders of magnitude higher than the optimum value for p-Ge
lasers. This choice was adopted presumably to overcome the expected lower fractional impact
ionization for the deeper Si:B acceptor than occurs for the comparatively shallow Ge:Ga
acceptor at 4 K. The hot-hole laser operation is quite sensitive to acceptor concentration (Fig.
29), so a wider concentration range needs to be explored.
Impact ionization is usually treated as the process of promoting a valence electron to the
conduction band [11]. If one supposes that the same formulas hold for impact ionization of
acceptors, with gap energy replaced by ionization energy Ei and effective mass of bound and free
holes the same, then the threshold energy Et for impact ionization is ~1.5*Ei.  For Ge:Ga, Et = 16
meV, i.e. less than half the 37 meV free hole energy limit set by optical phonon scattering. Thus,
free holes can easily gain sufficient energy under electrical heating to impact ionize neutral Ga
acceptors in Ge, in agreement with experiment.  For Si:B, Et = 67 meV, which exceeds the
optical phonon energy in Si of 63 meV. This suggests that a free hole can never gain enough
energy to impact-ionize a Boron acceptor in Si. Although this picture is too simple, it illustrates
the challenge that the deeper ionization threshold for acceptors in Si poses to realizing a p-Si hot
hole laser. Experimentally, impact ionization does occur, at least at 20 K [47]. The threshold
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velocity for holes to ionize acceptors at 20 K was found to be close to the saturated velocity due
to optical phonon scattering, in agreement with the simple model above. Thus, impact ionization
requires rather large applied fields, at least a few 100 V/cm.
The difficulty of impact ionization for Si:B (p = 1015 cm-3) even at the elevated
temperature 77 K was experimentally noted very early [48]. In this work, the I-V curve was
observed to be linear at 77 K even up to 10 kV/cm applied field, with no observation of the
expected saturation plateau until the temperature was raised to 183 K. The explanation was as
follows. Carrier freeze out in Si:B begins already at 170 K.  At 77 K, only 4% of B is ionized. So
the continued increase in current with field above the expected saturation point is due to
generation of additional carriers by field-assisted ionization of neutral acceptors, i.e. decreased
capture rate as carrier velocity increases. Absence of any sharp increase in current with
increasing field argued against any contribution from impact ionization.
Impact ionization in Si:B has been poorly characterized under conditions relevant to
generation of inverted hole populations at temperatures below 20 K. In particular, the impact
ionization threshold should increase with magnetic field, which can make the conditions more
critical. The problem of impact ionization in Si requires further experimental study as a function
of concentration, temperature, and magnetic field.
 One potential solution to the impact ionization problem is SiGe [42]. The ionization
energy of B decreases from 46 meV pure Si to 31 meV with just 4% Ge composition in single
crystal SiGe [49]. An additional 2 meV shift is observed when the sample temperature is
increased from 4.2 K to 34 K, which does not occur in pure crystal Si. The ionization energy is
independent of applied magnetic field up to 11 T. Thus, for SiGe:B with 4% Ge, the impact
ionization threshold is reduced to Et = 46 meV, which is sufficiently less than the optical phonon
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energy to allow impact ionization. This is a strong argument in favor of Si0.96Ge0.04 as the active
crystal for a Si-based hot-hole laser. Moreover, SiGe epitaxy by CVD is a well developed growth
technology, which encourages consideration of the multilayer periodic doping concept.
Epitaxially grown Si/p-Si devices with periodic doping profiles should be considered, as has
been done for Ge in Chapter 5. The main advantage of growing such a device in Si is that the
expected substantial gain increase may overcome the challenges associated with bulk Si.
Additional advantages are better thermal management and integration with standard Si
electronics. Thick epitaxial growth can be achieved by CVD for both Si and SiGe. Wavelengths
of emission from 30 to 200 µm appear feasible. Silicon technology offers the possibility of
constructing a terahertz transceiver on a single silicon chip. The multilayer p-type Si or SiGe
THz laser could be integrated with a SiGe/Si quantum-well infrared photodetector (a shallow-
well device with THz response) along with electronics that could drive and modulate the laser
and preamplify the detector output.
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CHAPTER SEVEN: SUMMARY
The Monte Carlo method for numerical simulation of hole dynamics in semiconductors
has been developed and demonstrated in this dissertation. All scattering processes between light-
and heavy-hole valence subbands (acoustical phonons, polar and non-polar optical phonons,
ionized impurities, piezoelectric scattering) have been theoretically investigated with analytic
formulae presented. A new method for intersubband hole-hole scattering in cubic
semiconductors has been developed using explicit anisotropic wavefunctions of holes in
Luttinger-Kohn representation. This method was investigated numerically in the simplified
isotropic model for germanium. Non-polar optical phonon scattering of holes has been treated for
the first time in the 6x6 k·p approximation (split-off subband included) with strong anisotropy of
the scattering in case of silicon. Strong anisotropy of the streaming motion in p-Si has been
predicted theoretically.
Three cubic semiconductors (Ge, Si, and GaAs) have been investigated by Monte Carlo
method to determine the conditions for possibility of terahertz amplification in the multiplayer
delta-doped structures and bulk crystals. Calculated amplification in p-Ge structures is very
promising for potential THz laser operation at elevated (compared to bulk p-Ge laser)
temperatures (above 40 – 50 K) with strong (above 0.5 cm-1) gain at cryogenic temperatures
(below 20 K). Satisfactory calculation results for GaAs with periodic doping structure makes this
material potentially attractive for THz amplification for the first time. Preliminary theoretical
estimations for p-Si show the great potential of this material for amplification of THz radiation at
high temperatures (above 50 – 77 K), assuming that strong anisotropy of the valence subbands is
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carefully taken into account, especially with regard to anisotropy of optical phonon scattering,
which is considered here for the first time.
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APPENDIX A: STATISTICAL OUTPUT OF MONTE CARLO
SIMULATION IN Ge
118
Electric field (kV/cm): Ex = 1.500000, Ey = 0.000000, Ez = 0.000000
Magnetic field (T):     Bx = 0.000000, By = 0.000000, Bz = 1.200000
Temperature:                    10.000000 K
Impurities concentration:       100000000000000.000000 cm^-3
Compensation(perc.):            0.000000
Simulation time(ps):            2065046.146729
Light holes accumulation(perc): 13.581654
Average(X) velocity(cm/s):      3958263.395420
Average(Y) velocity(cm/s):      -8852985.745224
Average(Z) velocity(cm/s):      -28244.235077

















IIHH:   535.001636
IILL:   316.863397
IIHL:   0.412336
IILH:   2.087854
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APPENDIX B: STATISTICAL OUTPUT OF MONTE CARLO
SIMULATION IN GaAs
120
Electric field (kV/cm): Ex = 1.500000, Ey = 0.000000, Ez = 0.000000
Magnetic field (T):     Bx = 0.000000, By = 0.000000, Bz = 1.200000
Temperature:                    10.000000 K
Impurities concentration:       100000000000000.000000 cm^-3
Compensation(perc.):            0.000000
Simulation time(ps):            170817.369806
Light holes accumulation(perc): 21.375707
Average(X) velocity(cm/s):      5257999.079746
Average(Y) velocity(cm/s):      -5961581.934517
Average(Z) velocity(cm/s):      -38174.816574

























IIHH:   2224.559326
IILL:   1075.468802
IIHL:   4.097315
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